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Abstract. Let P be a semigroup that admits an embedding into a group G. 
Assume that the embedding satisfies the Toephtz condition of [5J and that the 
Baum-Connes conjecture holds for G. We prove a formula describing the K- 
theory of the reduced crossed product Ayia,r P by any automorphic action of 
P. This formula is obtained as a consequence of a result on the if -theory of 
crossed products for special actions of G on totally disconnected spaces. We 
apply our result to various examples including left Ore semigroups and quasi- 
lattice ordered semigroups. We also use the results to show that for certain 
semigroups P, including the ax + &-semigroup _R x for a Dedekind domain 
R, the if-theory of the left and right regular semigroup C*-algebras Cx{P) and 
C*{P) coincide, although the structure of these algebras can be very different. 



1. Introduction 

A semigroup (or monoid) is a set with an associative multiplication. Recently the 
authors of this article - in various combinations - have become interested in the study 
of the C*-algebra C^(-P) defined by the left regular representation of a left cancella- 
tive semigroup P on the Hilbert space i'^{P). This interest was motivated by the fact 
that specific semigroups arising from number theory give examples with an intricate, 
yet tractable, structure. While generalities about semigroup C*-algebras had been 
studied before by various authors, only little was known about more complicated 
examples and concerning questions such as nuclearity, iiT-theory, ideal structure etc. 
The C*-algebra C^{P) contains a natural commutative subalgebra D generated by 
the range projections of products of the isometries representing the elements of P 
and their adjoints. These range projections correspond to the "constructible" right 
ideals in P, i.e. to those right ideals that can be constructed from the principal ideals 
of the form xP by finitely many operations such as intersection etc.. The spectrum 
of -D is a totally disconnected space which we denote by fip. Each constructible 
right ideal in P corresponds to a compact open subset in rip. 

In [9] we studied the A-theory of C^{P) assuming that P satisfies the left Ore 
condition. This condition provides a systematic way to embed P into an enveloping 
group G and also allows to dilate actions of P to actions of G, [22]. In particular the 
natural action of P on ilp can be dilated to an action of G on a totally disconnected 
locally compact space i^pcG- The C*-algebra G^{P) is then Morita equivalent to 
the reduced crossed product Co(f^pcG) >^r G. 
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In [9] we had then computed the X-theory (in fact in a bivariant setting) of this 
crossed product using a particular feature ("independence", see below) of Jlp to- 
gether with the following "descent to compact subgroups" principle taken from 

mm- 

(DC) Assume that G satisfies the Baum-Connes conjecture with coefficients in the 
G-algebras A and B. Let 2; be a class in KK^{A,B) which induces, via 
descent, isomorphisms K^,{A xi H) = K^,{B x H) for all compact subgroups 
H of G. Then x also induces an isomorphism K^{A G) = K^{B Xr G). 

Note that, by [16], the Baum-Connes condition required for G in (DC) holds when- 
ever G is a-T-menable, and hence in particular, if G is amenable. 
Using the independence of the set of constructible right ideals in P and principle 
(DC) we determined in [9] the ii'-theory of G^P) for some prominent semigroups 
from algebraic number theory. This includes the multiplicative semigroup or the 
ax + 6-semigroup for the ring of algebraic integers in a number field or the semigroup 
of its principal ideals. The answer involved well known concepts from number theory 
such as the ideal class group and the group of units. 

In the present paper we take a new look at the results of [U] from a more general 
perspective. We start with a general study of group actions on totally disconnected 
spaces under an independence condition similar to the one mentioned above. 
Roughly speaking, given a totally disconnected G-space we require that one can 
find a G-invariant family V of compact open subsets of 0, which generates the set of 
all compact open sets via finite intersections, unions and difference sets, and which 
is independent in the sense that no element U of V can be written as a finite union 
of elements of V different from U. Let I = V \ {0}. We are then able to construct a 
canonical element x G KK^{Co{I), Co{Q,)) which satisfies the requirements of (DC). 
We are also able to improve the arguments used in [9j to allow for general coefficients. 
We show that for any action a : G — > Aut(A) the class [id^] x € KK^{A (g) 
Go{I),A (8) Go(ri)) will also satisfy the conditions in (DC). Assume, then, that G 
satisfies the Baum-Connes conjecture with coefficients in A^ and A ® Cq{VI) 

and denote by r resp. // the action of G on resp. /. Using the principle (DC), we 
obtain an isomorphism 

K,{{A®Gq{Q)) ^a^r,rG)^K,{{A®CQ{I)) X„«;,,.G) (1.1) 

Moreover, by Green's imprimitivity theorem the right hand side is in turn isomorphic 
to the sum, over the G-orbits in /, of the K-theory of the crossed products by the 
stabilizer groups, i.e. to 

K,{A^a,rGi) (1.2) 

mG\i 

where Gj denotes the stabilizer of i G /. 

These results have an independent interest. Most important for us however is again 
the application to the i^'-theory of semigroup C*-algebras and semigroup crossed 
products. We study semigroup crossed products A yia,r P in which the semigroup 
P acts by automorphisms on the C*-algebra A in section [H 

In [23] it was shown by the third author that, given independence of the set of 
constructible right ideals, for our purposes, the left Ore condition for P can be 
weakened. It suffices to assume that the semigroup P is embedded into a group 
G and that the inclusion P G satisfies the Toeplitz condition introduced in |24j . 
Under this weaker condition too, the full and reduced C*-algebras of P embed as full 



iC-THEORY OF CROSSED PRODUCTS BY SEMIGROUP ACTIONS 



3 



corners into full and reduced crossed products by the group G. As we will see, there 
are natural examples of semigroups satisfying the Toeplitz condition but not the left 
Ore condition. Because of the embedding as a full corner, again the computation 
of the K-theory of a crossed product by P can be reduced to the computation of 
the X-theory of a crossed product by G. This crossed product by G is of the form 
{A (g) Co{Q)) >^a(g)T,r G considered above, and we can therefore apply formulas (jl.ip 
and (fT3D . 

We are now in a position to apply our results to explicit classes of semigroups. 
Consider first a semigroup P which is given as the positive cone in a quasi-lattice 
ordered group G which satisfies the Baum-Connes conjecture with coefficients. The 
inclusion P C G satisfies the Toeplitz condition. For the crossed product of a C*- 
algebra A by an action a of P by automorphisms, we obtain the striking result 

K^A)^ K4A>i^^r P) 

i.e. the iC-theory of the crossed product does not depend on P nor on a. This is a 
far reaching generalization of the well known corresponding result for the action of 
the Toeplitz algebra by an automorphism on A which in fact was the basis for the 
proof by Pimsner-Voiculescu of the six term exact sequence for a crossed product 
byZ, [27]. 

Another important example is the following. Let R be the ring of algebraic integers 
in a number field (or a more general Dedekind domain). Denote hy its mul- 
tiplicative semigroup and by 5 = i? x R^ its ax + 6-semigroup. The ii'-theory of 
C^(S') was determined in [9]. Consider now the opposite semigroup 3°^. Its left 
regular C*-algebra C^{S°p) is the right regular C*-algebra G*{S) of S. We mention 
that G^{S) and C*{S) are very different algebras. For instance, the second algebra 
admits non-trivial one-dimensional representations while the first one admits only 
infinite-dimensional representations. Also S satisfies the left Ore condition while 
does not. However, 5°^ satisfies independence and the Toeplitz condition. We 
can therefore again compute the JC-theory. Somehow surprisingly, it turns out that 
G^S) and C*{S) have the same iiT-theory, indeed they are iiriiT-equivalent. We also 
determine the ET-theory of C^{S) and C*{S) for a semidirect product of the form 
S" = XI N where H is a group. Again these two C*-algebras are completely different 
but still have the same i^-theory. 

The paper is organized as follows: After a brief discussion of totally disconnected 
spaces in Sj2]we present in ^our main results on the if-theory of crossed products 
{A (g) Co(f2)) x^ G. In Sg] we deduce our results on the JC-theory of crossed products 
^ x^P by automorphic actions of semigroups and we briefiy discuss the consequences 
for crossed products by the left Ore semigroups studied in . Crossed products by 
quasi-lattice semigroups P C G are studied in ^ Indeed, the beautiful ii'-theory 
formula for such crossed products follows from the fact that for quasi-lattice ordered 
semigroups P C G the action of G on the set of nonempty constructible left P-ideals 
in G is transitive. We present further examples which show that transitivity of this 
action is not restricted to this case, and therefore similar X-theory formulas can be 
obtained in more generality. Our results on the left and right regular semigroup C*- 
algebras G^(P) and G*(P) are presented in ^ Finally, in the appendix we discuss 
some basic constructions in equivariant KK-theory of finite dimensional algebras 
acted upon by compact groups which we need for checking the principle (DC) in ^ 
These KK-vesults might be known to experts, but seem not to be present in the 
literature. 
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2. Preliminaries on totally disconnected spaces 

Recall that a locally compact Hausdorff space is totally disconnected if and only if 
its topology has a basis of compact open subsets. The corresponding algebras Cq{0,) 
of continuous functions which vanish at infinity are precisely the commutative AF- 
Algebras. In what follows, if V Q 0, then : — )■ C denotes the characteristic 
function of V. 

Definition 2.1. Let be a totally disconnected locally compact Hausdorff space 
and let V be a family of compact open subsets in il.. Moreover, let lAc{^) denote the 
set of all compact open subsets of Vt. Then we say that V is a generating family of 
the compact open sets ofQ iih(c{^) coincides with the smallest family U of compact 
open sets in which contains V and which is closed under finite intersections, finite 
unions, and under taking differences U \W with U,W &U. 

Lemma 2.2. Suppose that V is a family of compact open sets in the totally discon- 
nected space 17. Then the following are equivalent 

(1) The set {ly : V generates Co{Q) as a C*-algebra. 

(2) The set V generates Uc{^) in the sense of Definition \2. 1[ 

Moreover, ifV is closed under taking finite intersections, then (1) and (2) are equiv- 
alent to 

(3) spanjly : y € V} is a dense subalgebra of Co{0,) containing spanjlj/ : U € 

Proof. Let U be the smallest family of compact open sets in $7 which contains V 
and is closed under finite intersections, finite unions, and taking differences. Since 
a finite product of characteristic functions is the characteristic function of the finite 
intersection of the given sets, we may assume without loss of generality that V is 
closed under finite intersections. In that case it is easy to see that the algebra 
generated by {ly : V € V} coincides with spanjly : V £ V}. Since lviuV2 = 
Ivi + lv2 ~ 11^101^2 s-^d ^Vi\V2 — ^Vi — lvinV2 see that this span contains all 
characteristic functions lu with U £ U. Thus we may replace V by lA. Note 
that every function in spanjlf/ : U G can be written as a linear combination 
^i=i Ailj/i in which all Aj are non-zero and in which the Ui are pairwise disjoint. 
Suppose now that (1) holds. Then for every compact open set VF in $7 we find a 
linear combination X^jLiAjlc/. with pairwise disjoint Ui,...,Uk in U and Aj 7^ 
such that \\lw ~ Sj=i -^jlf/Jloo < 5- This implies that each set Ui is either a subset 
of W or Ui nW = 9. In any case, it follows that W is the union of those C/j's which 
are contained in W. Conversely, ifU = Uc{^), then every continuous function with 
compact support can be approximated by locally constant functions with compact 
supports, which are finite linear combinations of elements in {Ijj : U € U}. □ 

Lemma 2.3. Suppose that D is a commutative C*-algehra such that D is generated 
as a C*-algebra by a set of projections {ci : i £ 1} Q D . Then the Gelfand spectrum 
U = Spec(D) of D is totally disconnected and the family of sets V = {ei~^{{l}) : 
i £ 1} is a family of compact open sets in Q which generates lAc{^)- Here, for an 
element d £ D, d £ Cq{Q) denotes the Gelfand-transform of d. 
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Proof. For each finite F C / let Di;' C D denote the C*-algebra generated by 
{ci : i € F}. Then Dp is finite dimensional and D = HuifDf. Thus, D is a 
commutative AF-algebra and therefore Q = Spec(i^) is totally disconnected. The 
second assertion then follows from Lemma 12.21 and the fact that projections e £ D 
correspond to characteristic functions ly € C'o(^) under the Gelfand transform for 
V = e-H{l})- □ 

The above lemmas show that it is equivalent to study sets of projections {ei : i G 1} 
generating a commutative C*-algebra D or sets of compact open subsets of totally 
disconnected spaces il. which generate the compact open sets lAc{^) in the sense of 
Definition 12.11 For our ET-theoretic studies we need generating sets which satisfy 
a certain independence condition. The following definition is taken from |23] and 
plays an important role in [S] and |24] . 

Definition 2.4. Let J he, a, subset of the power set ViX) of a set Y . We call 
J independent, if for every finite family X, Xi , . . . , Xk of elements in J such that 
X = IJi=i^i) there must be an index i E {1, . . . , A;} such that Xi = X. 

Making the connection between sets and projections, it makes sense to extend the 
notion of independence to projections in arbitrary commutative C*-algebras. We 
need 

Lemma 2.5. Suppose that {ej : i £ 1} is a set of projections in the commutative 
C*-algehra D. Then for each finite subset F C I there exists a smallest projection 
e € D such that < e for all i G F. We then write e =: VieF 

Proof One checks that \Ji(,pei = I]0^hcf(-1)''^'~"^ HieH ^i- ^ 

Definition 2.6. Suppose that {cj : i G /} is a set of projections in the commutative 
C*-algebra D. We say that {cj : z G /} is independent if for all finite sets F C I and 
io & I such that VigF ^* ~ follows that io £ F. 

Remark 2.7. Let Dhe a commutative C*-algebra generated by the set of projections 
{ej : z G /}. Let = Spec(D) denote the Gelfand dual of D and let Vi := ei~^({l}) 
for all i £ F Then it is straightforward to check that {cj : i G /} is independent 
in the sense of Definition 12.61 if and only if V = {Vi : i G /} is independent in the 
sense of Definition 12.41 Conversely, if we start with a family V of compact open 
sets in a totally disconnected space ri, then V is independent if and only if the set 
{ly : y G V} is an independent set of projections. 

The following lemma is obvious, but also follows from |24^ Proposition 2.4]: 

Lemma 2.8. Suppose that {e^ : i £ 1} is a family of projections in the commutative 
C*-algebra D which is closed under multiplication up to 0. Then {ci : i (z 1} is 
independent in the sense of Definition \2.6\ if and only it is linearly independent. 

Definition 2.9. Suppose that ^2 is a totally disconnected locally compact Hausdorff 
space. A family V of non-empty compact open subsets of ft is called a regular basis 
(for the compact open sets in Q) if the following are satisfied: 

(1) V U {0} is closed under finite intersections; 

(2) V generates the compact open sets of fi; 

(3) V is independent. 
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Similarly, if {cj : z G /} is a set of non-zero projections in a commutative C*-algebra 
D, we say that {cj : i € /} is a regular basis for D if it is (linearly) independent, 
closed under multiplication (up to 0) and generates D as a C*-algebra, which by 
Lemma 12.21 implies that spanjej : i G /} is a dense subalgebra of D. 

We have the following countability result for totally disconnected spaces. Recall 
that a topological space is called second countable if it has a countable basis for 
its topology. 

Lemma 2.10. Let Q be a totally disconnected locally compact Hausdorff space. Then 
n is second countable if and only if the set Uc{^) of compact open subsets of Q is 
countable. 

Proof. If is second countable we can find a countable basis U for the topology 
of consisting of compact open subsets of 0. But then each compact open subset 
of is a finite union of elements in U, which shows that Uc{^) is countable. The 
converse is clear. □ 

Remark 2.11. It follows from the above lemma that if Q is a second countable 
totally disconnected locally compact Hausdorff space, then every regular basis V for 
the compact open sets of il. is countable. 

For second countable spaces we can prove the existence of a regular basis for the 
compact open sets in il: 

Proposition 2.12. Let Q be a second countable totally disconnected locally compact 
space. Then there exists a regular basis V for the compact open sets ofQ. 

Proof. We first observe that it suffices to consider the case where is compact. This 
follows from the fact that every locally compact totally disconnected space can 
be written as the disjoint union of compact open sets : i € /}. Then, if Vj is 
a regular basis for the compact open sets of ili for all i & L, then V = Ujg/H is a 
regular basis for the compact open sets in 17. 

So assume from now on that 0, is compact. Since is second countable, it can be 
realized as a projective limit = prolim„gp^ F„ for some projective system : 
Fn+i — T- Fn} in which all sets Fn are finite. Recall from the construction of this 
projective limit that a basis U of the topology of Q consisting of compact open sets 
is given hy U = {^~^{x) : n € N, x € Fn}, where, for each n G N, /x„ : O — )• F„ 
denotes the canonical mapping. 

In order to construct a regular basis V for the compact open sets of Q we first con- 
struct bijections V'n : {l, • • • ) ^n} F^., with /c„ = \Fn\, which satisfy the following 
compatibility condition: 

(C) For each n G N let mo := and mi := |(/9~^('i/'n.({l> • • • , ^}))| or / G {1, . . . , kn}. 

We require that ifn ■ Fn+i Fn sends 1 ({"^i-i + 1, • • • ,mi}) to ipnil) 

for alH G {1, . . . , kn}. 
The construction can be done easily by starting with an arbitrary bijection ■0i : 
{1, . . . , ki} — > Fi and then defining the other bijections recursively by obeying condi- 
tion (C) in each step. Having done this, we may assume as well that Fn = {1, . . . , 
and that (/9„({m;_i + 1, . . . , mi}) = {1} for each 1 < / < kn. 

We then define V := := Atn^U^ • • • > 0) : n G N, 1 < / < kn}. To see that 

this is a regular basis for the compact open sets of we first observe that each 
basic open set ^n^{{l}) can be obtained as a difference of two sets in V, so it is 
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clear that V generates the compact open sets of 0. To check the other conditions, 
observe first that condition (C) together with the equation ipn o /.in+i = ;U„ imphes 
that Vn^i = Vn+i^mi for all n G N, 1 < / < with m; as in (C). By induction, it 
follows that Vn^i = Vm,i' for some suitable 1 < /' < km whenever, m > n. So, if 
finitely many elements Wi, . . . , Wr in V are given, we may assume that there exist 
n and 1 < h < h <■■■< Ir < K such that Wi = Vn,i, for all 1 < z < r. The 
intersection of these sets then equals • This proves that V is closed under finite 
intersections. The union of the Wi equals Vn^i^, which proves independence. □ 

We close this section with a simple example which illustrates the concept of regular 
bases for the compact open sets of a totally disconnected space $7. 

Example 2.13. Consider the space O = {1, —1}^ equipped with the product topol- 
ogy. Then 0, is homeomorphic to the Cantor space. Recall that the basic open 
neighborhoods of an element x = {xn)nez G 0, are given by the sets Wf{x) := {y G 
Q : Un = Xn for all n G F}, where F runs through the finite subsets of Z. 
For every finite set F C Z (including 0) we define := {z G O : = 1 for all n G 
F} and we let V denote the family of all such sets Vp- Since Vpi H Vp^ = Vfj^\jF2 we 
see that V is closed under finite intersections. To see that it is independent, observe 
that for finite sets Fi, . . . ,Fi we have 

Vfi U U • • • U Vf, = {-s G : 3/c G {1, . . . , /} such that Zn = 1 for all n G Fi} 

which is equal to a set Vp if and only if there exists Iq G {1, . . . ,k} such that F = Fi^^ 
and Fi Q F for all i G {!,...,/}. Thus it follows that V is a regular basis for the 
compact open sets of if it generates the compact open sets Uc{^) of $7. For this let 
U denote the smallest subset of Ud^) which contains V and is closed under taking 
differences, finite intersections and finite unions. It suffices to show that U contains 
all basic neighborhoods Wf{x). To see this we first observe that = V0 G V . Then 
for any fixed no G Z the complement := O \ Vn^ = {2; G : = —1} lies in 
U. For a given finite subset F of Z and any given x G we then have 

Wpix) = if]{Vn : n G = 1}) n if]{V- ■.meF,Xm = -1}), 

so Wf{x) G U. 

3. ET-THEORY OF CROSSED PRODUCTS BY ACTIONS ON TOTALLY DISCONNECTED 

SPACES 

In this section we extend the ideas of |9l §6] to study the iC-theory of crossed products 
of the form Co{Q) xiT,rG for a continuous action of a second countable locally compact 
group G on a second countable totally disconnected locally compact space Cl. More 
generally, we study the JT-theory of a crossed product (A (g) Co(f^)) xia(g)T,r G by a 
diagonal action where a : G — )■ Aut(j4) is an action of G by *-automorphisms on 
a separable C*-algebra A. We will assume that we can find a G-invariant regular 
basis V for the compact open sets in ft. Moreover, we will use the assumption that 
G satisfies the Baum-Connes conjecture for suitable coefficients (see the discussion 
below) . 

At the end of this section we will use the iT-theoretic results of this section to show 
that a G-invariant regular basis for the compact open sets of ft cannot always exist 
(see Examples 13.181 and 13.201 below). But the results in [23] show that such a basis 
does exist in many interesting situations connected to the study of crossed products 
by semigroups (e.g., see ^for explicit examples). Let us give a first positive example: 
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Example 3.1. Consider the Cantor set = {1, —1}^ of Example 12.131 Then Z, acts 
on Q by the shift, i.e., (m • x)„ := Xn-m for m E Z and x = {xn)n€Z € 0,. It is then 
clear that the regular basis V = {Vp ■ F Z finite} as constructed in Example 12.131 
is Z- invariant. 

From now on we assume that V = {Vi : i (z 1} is a G- invariant regular basis for 
the compact open sets in Q. We then may assume without loss of generahty that 
G acts on the index set / via a homomorphism ^ : G —?■ Sj oi G into the group of 
permutations of / such that g -Vi = Vgi for alH € / and g ^ G. Note that it follows 
from Lemma [2. 101 that / is countable (we always assume that the assignment i Vi 
is bijective). In what follows, we equip / with the discrete topology. 

Remark 3.2. We should remark that, although G is not assumed to be discrete, the 
action of G on / is automatically continuous, which just means that the stabilizers 
Gi = {g G : gi = i} are open in G for all i ^ I. This follows from the fact that 
Gi coincides with the stabilizer Giy, = {g £ G : rg(ly.) = ly.} for the function ly. 
under the continuous r action of G on Q. But Giy, = {g £ G : |jTg(lyJ — ly ||oo < 1} 
which is open in G. 

We are going to construct a class x G KK^{Go{I),Go{Q.)) which, under some extra 
condition on G which we explain below, induces via descent an isomorphism 

{{A ® Co(/)) Xa55M,r G) = {{A ® Co(!^)) Xa®r,r G) , 

and, in good cases, even a XX-equivalence between these algebras. The relevant 
extra conditions are related to the Baum-Connes conjecture for the group G, which, 
in case it holds, identifies the K-theory of a reduced crossed product B yi^^^-G with 
the topological ii'-theory K'1°^{G] B) of G with coefficients in B. To be more precise, 
for every C*-dynamical system (S, G, /3) there is a canonical assembly map 

fip:Kl^''{G-B)^K,{B xip^r G) 

and we say that G satisfies the Baum-Connes conjecture for B if this map is an iso- 
morphism. By work of Higson and Kasparov [16], the Baum-Connes conjecture holds 
for all G-algebras B if one can find a proper G-algebra A which is G-equivariantly 
iiTi^-equivalent to C. (Recall that A is called a proper G-algebra if there exists 
a locally compact proper G-space X such that there exists a nondegenerate G- 
equivariant *-homomorphism <I> : Co{X) — > ZM{A).) In this case we say that G 
satisfies the strong Baum-Connes conjecture with arbitrary coefficients. For our 
purposes we do not need to know anything about the definition of the topological 
X-theory group, but the interested reader is referred to [2] for an introduction to 
this interesting theory. 

The result which is important for us is the following proposition. It is taken from 
[13] , but is based on earlier work in [SJ [251 12] , and gives a more detailed formulation 
of the principle (DC) of the introduction: 

Proposition 3.3. Let A and B be G-algebras and let x € KK^{A, B). Let jcix) G 
KKq{A yia.r G,B x^.r G) denote the descent of x for the reduced crossed products. 
For every compact subgroup H of G let 

ipH ■■ K^{A xiaH) K^{B -ApH)] <pH{y) = y fS) j Hires h{x)). 

where "(8> " denotes the Kasparov product. Then the following are true: 
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(1) // G satisfies the Baum-Connes conjecture for A and B and if ipn is an 
isomorphism for every compact subgroup H of G, then ■ ® jci^) '■ K^{A Xa,r 
G) — )• K^{B x^ ,, G) is an isomorphism. 

(2) If G satisfies the strong Baum-Connes conjecture and i/ j/f(res^(2;)) is a 
KK -equivalence between Ay\aH and B y\p H for all compact subgroups H 
of G, then jcix) is a K K -equivalence between A >^a,r G and B x^^^. G. 

The Baum-Connes conjecture with coefficients in arbitrary G-algebras admits a 
counter-example (see [U]). On the other hand, the vahdity of the conjecture has 
been checked for many interesting classes of groups. One of the strongest results is 
given by Higson and Kasparov in [TB] where they show that all a-T-menable groups 
(this includes all amenable groups and all countably generated free groups) satisfy 
the strong Baum-Connes conjecture. 

For the construction of x we start with homomorphisms Lfi : C ^ G(){il.) which map 
1 G C to the projection := ly, G Go{fl). This gives a class in KK{C,Go{^l)). 
Viewing now this copy of C as the ith component of Cq{I) = ©jg/ C and using the 
well-known isomorphism 

KK{Co{I),Go{n)) ^llKK{C,Com 

we obtain a class x G KK{Go{I), Co{il)). We need to make this class G-equi variant. 
This is a special case of the following general construction: 

Notation 3.4. Suppose that C = 0jg/ Cj is a direct sum of C*-algebras Cj and 
suppose that for alH € / we have a homomorphism ipi : Gi ^ B into some fixed C*- 
algebra B. Then there is a i^Ti^T-class x G KK{G,B) given by the Kasparov-triple 
(£",¥?, 0) with £ = f{I)(^B (with grading given by Sq = £,£i = {0}) equipped with 
the canonical i3-valued inner product and with 

ip:C^}C{£)^IC{f{I))^B; ip = ^ip,. 

i&I 

Alternatively, x is represented by the *-homomorphism ip : G ^{1"^ {!)) ® B via 
the identification KK{G,JC(^B) ^ KK{G, B) given by multiplication with the KK- 
class m/ ® ids, where m/ = [(£^(1), id^:, 0)] € K K {JC{i'^ {!)) , C) denotes the class of 
the canonical Morita equivalence /C(^^(/)) ~j\f C. 

Suppose, moreover, that 7 : G ^ Aut(C), /3 : G — > Aut(i?) are actions such that 
7 induces an action fi : G ^ Sj of G on I hy permutations and such that (p 
becomes G-equivariant with respect to the action Ad^ ^ /3 on /C(£^(/)) B. Then 
the action /i (g) /3 : G ^ Aut{£'^{I) (g) B) turns x into a class in KK^{G, B). (Note 
that the corresponding class in KK^ (C,lC{l'^{I)) (g i?) is just given by the G-map 
(y9 :G^IC{f{I))0B.) 

We use this to construct equivariant ii'ii'-elements as follows: 

(El) Let B = Go{n), G = Gq{I) = S^gjC and let pi : C ^ Go(0) be given 
by ipi{l) = Ci = ly. as above. Then it is straightforward to check that 
the resulting homomorphism Lp = ^^^j^i ■ Go{I) — > /C(^^(/)) (g) Go{Q,) is 
G-equivariant as required in the previous paragraph, and we obtain a class 
xGKKG{Go{I),Goin)). 

(E2) More generally, let a : G ^ Aut(A) be an action of G on a C*-algebra 
A. Consider the case B = A (g) Go{n) and G = A0 Go(/) = 0^^/^, 
ipi = idA(S)ipi : A (g) C ^ A (g) Go{n). Then ip := 0.^^ il^i : A (g) Gq{I) 
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/C(^^(/)) (8> ^ (8) Co(ri) can be identified with id^ ®ip after applying tlie flip 
isomorphism /C(£2(/)) ® A® Co(0) ^ A® ICif{I)) Co{n). Hence the 
corresponding class in KK^{A®Co{I), A®Co{Q)) coincides with [id^] ®cx 
where x G KK^{Co{I),Co{n)) is as in (El). 

We need some observations regarding this construction. We start with 

Lemma 3.5. Let H be a closed subgroup of G and suppose that C = ©jg/ Ci 
and X G KK^{C,B) are as in the general construction above. Then for each H- 
invariant subset J Q I let Cj := Q^^jCi C C and let Bj C B denote the smallest 
H-invariant C*-subalgebra of B which contains all images ipi{Ci), i & J. Then the 
above construction applied to Cj, Bj and H gives a class 

xj = [{f{J) ® Bj,y,j,0)] e KK''{Cj,Bj), 

with ipj = ® jg J ^Pi ■ Moreover, if Lj : Cj C and ij : Bj — ?> B denote the 
inclusions, then 

kj]®cresg(x) = xj 0Bj [ij] G KK^{Cj,B). 

Proof. The product xj 0b j [^-j] is represented by the Kasparov triple {(^{J) 
Bj) ®Bj B,ipj 1b,0) ^ (£2(J) ® S,(1^2(j) if) o ipj,0), while the product 
[tj] 0c,j res^(x) is represented by the triple (^^(/) B, [l'j ® tj) o (^j,0), where 
ij : /C(^^(J)) — >■ /C(^^(I)) denotes the canonical inclusion. Since both triples differ 
by the degenerate triple {^{I \J) B, 0, 0) , the result follows. □ 

We note that in the alternative picture where we regard x as an element in 
KK^{C,IC{f{I)) ® B) and xj as an element in KK^{Cj,IC{f{J)) Bj), the 
equation of the above lemma translates into the equation 

[ij] 0Cj resg(x) = XJ (^K.{P(^J))®Bj [ij ^j]- 

This follows from the equation ip o = (ij C?) ij ) o ipj (which is easily checked on 
each summand Cj of Cj). In the following lemma, K^{C) = KK^ {C,C) denotes 
-ff-equivariant iT-theory for the compact subgroup H of G. Note that since / is 
discrete, it follows from Remark 13.21 that the orbits for the action of H on I are 
automatically finite. 

Lemma 3.6. Suppose that H Q G is a compact subgroup and let T denote the 
set of all finite B -invariant subsets of I ordered by inclusion. Then (G) = 
lim jg J- J^^(Cj), K^{Bj) = liuij^jr (^Bj) and we obtain a commutative diagram 

hmjg^Kf (Cj) ■'- > limj^^K^iBj) 

In particular, if all maps [■] (g)Cj xj : K^{Gj) K^{Bj) are isomorphisms, the 
same is true for res^(x) : {G) K^{Bj) 

Proof. We note first that equivariant iT-theory K^{C) is continuous for compact 
groups H, since it can be identified with K^{G xi H) via the Green- Julg theorem, and 



[■]®crcsS(x) 
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hence continuity follows from continuity of ordinary K-theory. Now the previous 
lemma implies commutativity of the diagram 

K^iCj) K^m 



K?{C) — > K^{Bj). 

and the result then follows from taking limits. □ 

Remark 3.7. Suppose that is a compact group and x S KK^{C,B). Let jnix) G 
KK{C XI i? X H) denote the descent of x. Recall that the Green-Julg isomorphism 

/ig : K^{C) = KK^{C,C) ^ K,{C ^ H) 
can be described as the composition 

KK^{C, C) H KK^{C*{H), C xH)^ KK{C, C yi H) 

where p : C ^ C*{H) sends 1 € C to the projection Ih G C{H) C C*{H) (which is 
the projection corresponding to the trivial representation Ih of H in the Peter- Weyl 
decomposition of C*{H)). Then the diagram 

K^{C) ^ K^{B) 



If" 



K^{C X H) y K^B x H) 

commutes. This follows from the fact that Jh preserves Kasparov products, and 
hence 

fj'ci.y) ®cah3h{x) = {[p] ®c*{H) imiv)) ®CAHm{x) 

= [p] ®c*{H) jniy ®c x) = 11 B (.y ®c x) 
for all y G KK^ {C,C). We therefore may replace i/-equivariant iC-theory by the 
-fC-theory of the corresponding crossed products everywhere in the above lemma. In 
particular, we see that if all maps [•] <SiCj xj : (Cj) — > {Bj) in that lemma 
are isomorphisms, then the map 

[•] O iuix) -.K^iC^H)^ Iu{Bi X H) 

is an isomorphism, too. 

We are now coming back to the special situation where the commutative C*-algebra 
D = Co(r2) is generated by the collection {ej = ly. : z € /} of projections corre- 
sponding to the G-invariant regular basis V = {Vi : i G /}. Since V is closed under 
finite intersections (up to 0) it follows that the family of projections {ej : z G /} is 
invariant under multiplication (up to 0). Let us consider the case where / is finite: 

Lemma 3.8. Let D he a commutative C*-algehra generated by a multiplicatively 
closed (up to 0) and independent finite family of projections {cj : i G /}. For each 
i ^ I let e[ := — \/ej<ei ^j- Then {e^} is a family of nonzero pairwise orthogonal 
projections spanning D . The transition matrix T = (jij ) determined by the equations 
ej = ^i^f lije'i, is unipotent and therefore invertible over Z. 
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Proof. Independence shows that ^ for all i. For i ^ j we have at least one of 
both, e[ej = or e^e^- = 0. Both equalities imply e'^e'j = 0. Since dim(Z)) < |/|, the 
linearly span D. 

If < Cj, then < ejCj < Cj, whence ejCj = Cj by definition of e-. This shows 
that -fij = 1 if Cj < Cj and jij = otherwise. Thus, for the partial ordering 
i < j <^ Ci < Cj, the matrix F is upper triangular with I's on the diagonal. Thus 
1 — F is nilpotent of order |/| (because there are no strictly increasing sequences of 
length > |/| in /). It follows that F is invertible with inverse Yln=o(^ ~ ^)^- ^ 

Remark 3.9. Let C and B be two finite dimensional commutative C*-algebras with 
bases {ci, . . . , c^} and {bi, . . . ,bm} consisting of pairwise orthogonal projections and 
equipped with actions of H given by permutations of the bases induced by homo- 
morphisms fic ■ H ^ Sn, fJ^B ■ H ^ Sm- In the appendix we show that every 
i?-equivariant matrix F G M{m x n, Z) gives rise to a canonical element 

xr G KK^{C,B) 

which by Lemma 17.21 is invertible if and only if F is invertible. We want to compare 
that construction with the construction of the element xj G KK^ {Co{J), Dj) in 
which J C / is a finite ff-invariant set and Dj C Co{Q) is the subalgebra of Co(0) 
generated by {cj : i G J} which we assume to be closed under multiplication up to 
0. 

Let {e- : i G J} be the set of orthogonal projections constructed from {cj : i G J} as 
in the above lemma and let {cj : i G J} be the standard basis of Co(J). Identifying J 
with {1, . . . , n} for n = | J|, we see from the above lemma that the transition matrix 
F for passing from {e, : i G J} to {e[ : i £ J} is invertible and has only entries 
or 1. Moreover, the element xj G KK^ {Co{J), Dj) coming from our general 
construction with C = Co (J) and B = Dj is given by the Kasparov cycle [8j, 0] 
with Sj = ^^(J) (8" Dj = ©"=1 Dj and in which ipj{cj) acts via the projection ej 
in the j'th component of this direct sum and as in all other components. Thus 
we may restrict the module to the nondegenerate part £q := ipj{Co{J))£j , which is 
£o = ®]=iejDj. 

On the other hand, the element xr G KK^ {Co{J), Dj) constructed in the appendix 
from the transition matrix F and the bases {ci, . . . , Cn} of Cq{J) and {e^, . . . , e^} of 
Dj is given by the Kasparov cycle [£,iIj,Q\ in which £ = 0J^^ (©r=i(C^'^' ® Ce^) 
and where tp{cj) acts via the projection of the j-th summand 0"=i(C''''J (8) Ce-) of 
this module. Now, since ej = 'YA=ili3^'i 7ij only takes values or 1, one easily 
checks that ejDj ^ ®1=ilije[Dj ^ ©"=i(CT'> ® Ce[) as Hilbert L»j-modules and 
that this isomorphism intertwines ip{cj) with ?/'(cj) for all 1 < i < n. This proves 
xj = xy £ KK^{Cq{J),Dj). In particular, it follows that xj is invertible! 

We are now ready for the main result of this section. 

Proposition 3.10. Let x KK^{Co{I),Co{Vt)) he as in Notation \3.4\ (Nl) and let 
A be any G-algebra. Then for any compact subgroup H C G the restriction 

resg([idA] (^cx) G KK" {A <g) Coil), A (g) CoiQ)) 

of the class [idyi] CSc x G KK'^(^A (g) Co{I),A (g) Co{Q)) induces isomorphisms 

[•] ® resg([idA] 0c oc) : {A Co(/)) 4 K^{A ® Com 
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and, via descent, 

[•]®iH(resg([idA] <^cx)) : K,{{A(g)Co{I)) H) % K,{{A ® Coin)) xi H) . 

Moreover, if H G is compact such that A y\ Hi lies in the bootstrap class for all 
stabilizers Hi = {h ^ H : hi = i} (this is for example always true if A is type I) 
or if H = {e} is the trivial group, then {A ® Cq{I)) xi H and (A (8) Co(il)) x H are 
K K -equivalent. 

Proof. It follows from Lemma 13.61 (applied to the class [id^] x constructed as in 
(E2)) that it suffices to show that the corresponding classes [id^] J ^ KK^ [A® 
Co (J), A (8) Dj) are invertible for any iJ-invariant finite subset J Q I such that 
{gj : i € J} U {0} is multiplicatively closed, where Dj Q Co{n,) is the subalgebra 
generated by {ci : i € J}. But this is the case if for all such J Q I the classes 
xj € KK^ (Cq{J),Dj^ are invertible, which follows from Remark 13.91 above. 
Suppose now that A xi Hi lies in the bootstrap class for all i ^ I. Then for each 
finite //-invariant subset J Q I we have 

{A CoiJ)) ^H^ ® [A® Co{H/H^)) x ~m ^ >^ Hi, 

li\£H\J 

where the Morita equivalence on the right hand side follows from Green's imprimi- 
tivity theorem |141 Theorem 17]. It follows that {A®C(){J)) x is in the bootstrap 
class. On the other hand if = — Ve <e ^'-'^ alH € J is as in Lemma 13.81 then 
the morphism A(8)Co(J) A® Dj which sends a ® to a (8> for all i G J is an 
i/-equivariant isomorphism, and hence {A®Cq{J)) x H = (A^Dj) x H. Since the 
bootstrap class is closed under inductive limits, it follows that {A<^Cq{I)) x H and 
{A (8) Co(f^)) X H both lie in the bootstrap class, and hence satisfy the UCT. Thus 
the desired i^iiT-equivalence follows from isomorphism in i^-theory. 

H = {e} is the trivial subgroup of G, then it follows from the above arguments 
(with A = C) that x € KK{GQ{I),Go{n)) is a ETET-equivalence, from which it 
follows that [id a] <8)c a; is a ETET-equivalence between A Gq{I) and A Co(r2). □ 

Remark 3.11. The assertion on type I algebras A in the above proposition follows 
from the fact that all type I C*-algebras lie in the bootstrap class (e.g. see pQ) and 
the fact (see |29j ) that crossed products of type I C*-algebras by compact groups 
are type I. 

Note that the proposition implies in particular, that for all second countable to- 
tally disconnected spaces Q and any choice V = {Vi : i G 1} oi a regular ba- 
sis for the compact open sets in ft (which exists by Proposition I2.12p the class 
X € KK{Go{I),Go{Q)) constructed above is a ETET-equivalence. 

Combining Proposition 13. lUl with Proposition 13.31 we now get: 

Theorem 3.12. Suppose that G satisfies the Baum-Connes conjecture with coeffi- 
cients in A® Cq{I) and in A® Co(f2). Then 

[•] ® jG([idA] (^cx) : K^{{A®Cq{I)) Xc,®^,^G) ^ K^{{A® Cq{9.)) x^^^^^^G) 

is an isomorphism. Moreover, if G satisfies the strong Baum-Connes conjecture and 
Axi H lies in the bootstrap class for all compact subgroups H of G which lie in some 
stabilizer Gi for the action of G on I, or if G satisfies the strong Baum-Connes 
conjecture and has no non-trivial compact subgroups, then 

jG([id^] (8)c x) G KK({A (g) Co(/)) yia^fi,r G, {A® Coin)) y4a»T,rG) 
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is a K K -equivalence. 

Remark 3.13. If / is a countable discrete G-space, then it follows from the results 
of [31 Theorem 2.5] and [H Proposition 2.6] and the decomposition of A® as 
given in ()3.ip below, that G satisfies the Baum-Connes conjecture with coefficients 
va. A® Cq{I) if (and only if) all stabilizers Gi for the action of G on / satisfy the 
conjecture with coefficients in A with respect to the restriction of the given action 
of G on A to the subgroups Gi. 

On the other hand, G satisfies the Baum-Connes conjecture with coefficients in 
A ® Co(0) if and only if the transformation groupoid x G satisfies the groupoid 
version of the Baum-Connes conjecture with coefficients m. A(^ Cq{VI) induced by 
the given G-action on A. We refer to [30] for the formulation of the Baum-Connes 
conjecture for groupoids. There it is shown that O x G satisfies the Baum-Connes 
conjecture with arbitrary coefficients if the groupoid xi G is amenable (or, more 
generally, a-T-menable). This situation is much more general than simply assuming 
that G is amenable or a-T-menable. Thus we see that the conditions on the Baum- 
Connes conjecture in Theorem 13. 121 are in particular satisfied for every G-algebra A 
if the following two conditions hold: 

(1) All stabilizers Gj for the action of G on / are amenable (or a-T-menable), 
and 

(2) the transformation groupoid x G is amenable (or a-T-menable). 

Since / is discrete, we get a decomposition of y4(E)Go(/) as a direct sum of G-algebras 
yl^Go(/)= A®Go{G-i)^ A®C^{G/Gi) (3.1) 

[j]6G\/ W6G\/ 

where Gj denotes the stabilizer Gi := {g € G : g ■ i = i} for i G I under the G-action. 
We therefore get a decomposition of the reduced crossed products 

{A ® Go(/)) >^a<iSf^,r G ^ (v4 Go(G/Gi)) Xa®M.,r- G, 

mG\i 

where jii : G ^ Aut(Go(G/Gj)) is the action by left translation. Thus, by a version 
of Green's imprimitivity theorem (see |14t Theorem 17] and [21]) we have a canonical 
Morita equivalence 

{A (g) Go{G/Gi)) >ia(g)fii,r G ~M A >Ja,r Gi. 

Therefore, by Morita invariance and continuity of X-theory, we obtain a canonical 
isomorphism 

K*(Ax«,,Gi) = i^*((A®Go(I)) x„®^,,G). 

[i]GG\/ 

Combining this with the isomorphism of Theorem \'6.12\ we obtain 

Corollary 3.14. Suppose that G, Q, a : G Aut(A) and V = {Vi : i € 1} are as in 
Theorem \3.12l Then there is a canonical K K -equivalence yj £ KKq ( ®[i]^G\j Ayi^^r 
Gi,{Ai^ Co{I)) >^a(Sifi,r G) . Combined with the isomorphism of Theorem \3.12\ we get 
an isomorphism 

K^A x„,, Gi) ^ K,{{A Go(0)) x„^,,, G) 

mG\i 
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// we have K K -equivalence in Theorem \3.12l then the above isomorphism is also 
induced by a K K -equivalence. 

In particular, in the special case A = C we get an isomorphism 

K,(C;(G,)) = K,{Co{n) X,,, G). 

mG\i 

If G satisfies the strong Baum-Connes conjecture, this isomorphism is obtained from 
a KK -equivalence ©[ijgGV ^*(^«) "^kk C'o(^) ><ir,r G. 

Remark 3.15. We point out that the isomorphism 

K,{A X,,, Gi) ^ K,{{A ® Cq{Q)) x„^^,, G) 

mG\i 

of the theorem is induced by a *-homomorphism 

^: A^^^rGi^}C{l'^{I))®{{A®CQ{n)) ><a(^fi,r G). 

mG\i 

which can be described as follows. First of all we have a homomorphism 

rii : A yia,r Gi ^ {A0 Cq{G ■ i)) y^a®T,r G 

given by the inclusion A x^ ,. Gi {A ® Gq{G ■ i)) yia®T,r Gi induced from the 
Gj-equivariant inclusion A ^ A Cq{G ■ i);a i— ?> a ^ 5i followed by the inclusion 
{A (g) Go{G ■ i)) y<ia^T,r Gi ^ {A(^ Go{G ■ i)) ><ia»T,r G (use [3 Lemma 2.5.2]). This 
maps A yia,r Gi bijectively onto a full corner of {A Cg) Gq{G ■ i)) yia^T,r G which 
establishes Green's Morita equivalence A Xa,rGi ~m {A<SiGo{G -i)) y\a»T,rG. Using 
the decomposition 

{A®Cq{I)) yi^^r,rG^ {A(g)Go{G-i))yia®r,rG, 

[i\€G\I 

we then obtain a *-homomorphism 

^= Ay^c,,rGi^ {A<^Co{I)) y^c®r,rG 

[i]€G\I [i]eG\I 

which induces the iCi^'-equivalence yi of Corollary I3.14[ 

We then recall from our constructions in Notation 13.41 that, after passing from A ® 
Co(0) to the stabilization A ® IC{f{I)) (g) Co(0) (with action on )C{i'^{I)) given by 
Ad fi, where by abuse of notation we let n denote the unitary representation of G on 
i"^ (I) induced by the given action fj, of G on I), the equivariant KK-class [idyi] (8) x G 
KK^{A®Co{I),A0Co{n)) ^ KK^{A^Go{I),A^IC{f{I))0Go{n))) is represented 
by the G-equivariant *-homomorphism id^ (Ei^ '■ A(i^Co{I) A® )C{£^{I)) ® Co(J^) 
with if = ® jg/ v?i as in Notation 13.41 Recall that (pi sends the element a (8> 5j G 
A (8) Go{I) to the element a (g) Pi (8> ly^ , where pi denotes the orthogonal projection 
onto the ith component of (■'^{I)- Thus, the descent of [idyi] (g) x is represented, up 
to stabilization, by the *-homomorphism 

^p := (idA x G : (A(gCo(/)) >^a(g>t,,rG^ {A ^ }C{f (1)) ^ Co{n)) x ^^^Ad /.®r,r- G. 
Finally note that the algebra {A (g) K.{f{I)) ® Cq{^)) 

X acg)Ad /iig)r,r G is canonically 
isomorphic to /C(^^(/)) (8) (^{A (g) Gq{^)) yia®T,T G) by sending a typical element (a (g) 
k (g f)ug of the first algebra to the element k ■ ^ig® ((a ® f)ug) of the second algebra 
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(here we denote hy g i-^ Ug the embedding of G into both crossed products). Taking 
compositions, we obtain the desired *-homomorphism ^. 

We show that restricted to each component Xq,^^. Gj) the isomorphism of Corol- 

lary 13.141 has a nicer description. For this observe that for any given i £ I we have 
a Gj-equivariant embedding A ^ A Co{Q) which sends a £ A to a iSi Ivi- This 
induces an embedding A Xq,^,. Gi ^ {A ^ Go(0)) xIq^^^,. Gj. Composing this with 
the inclusion {A^Go{Q)) ><ia^fj,,rGi ^ {A^Co{0,)) yia®ti,rG (use [9l Lemma 2.5.2]) 
we obtain a canonical inclusion 

TTi : Ayio.,rGi^ {A® Go{9)) x^^^^^^ G (3.2) 

given on a typical element au^, a € A, g € Gj by TTi{aUg) = (a (8) lvi)ug. 

Lemma 3.16. For each i £ I let ji : A yia,r Gi — )■ ©yjgG^/^ Xa,r Gj denote the 
canonical inclusion and let VTj he as in llcl.^) above. Then we have 

ki] = [Mmi^jciMA] <8C X) G KK{A >]a,r Gi,{A^ Go(0)) y^am,r G) . 

Therefore, the restriction of the isomorphism 

K,{A x„,,G,) = K*((v4®Go(J7)) x^55^,,G) 

of Corollary \3.14\ to the summand K^[A 'Aa,r Gi) is given by 

(vTi)* : K^{A Xa,r Gi) K^{{A^Co{n)) x^.^^^^ G). 
Proof. Let € /C(^^(/)) be the projection on the ith component of i'^{I) and let 
6i:{A^ Coin)) x„^,,, G ^ /C(£2(/)) (^ ^ Go(rj)) Xa(g)T,r G, 

9i{x) = pi®xhe the KK-equivalence induced by pi (note that this KK-equivalence 
does not depend on the particular choice of the rank-one projection pi G /C(^^(/))). 
By Remark 13. 151 we have 

jG([idA] ®c x)®[9^] = [*] 

in Ki^(e[,]g^\, A X„,,, G, , /C(^2(j)) ^ ^ Com) >^a®r,r G) with 

^: Ay^^^rGi^ IC{f{I))®{A(^Co{n)) >^a.®r,rG 
[i]GG\/ 

as in the remark. So it suffices to show that 6i o m = ^ o ji. By construction, on 
a typical element aug € A x^^^ Gi we have o TTi^aUg) = pi ® {a ® lyjug. On 
the other hand, following the description of ^ in the remark, we get ^{ji{aug)) = 
PilJ-g (a lvi)ug. But remember that at this point, Hg is the unitary operator 
acting on ^^(/) via the action of G on /. Since g £ Gi lies in the stabilizer of « G /, 
we get pifig = Pi. Thus 9i o -KiiaUg) = ^ oji{aUg) for all a € A, (7 G Gj and the result 
follows. □ 

Example 3.17. As a first example we want to study the iT-theory of the Cantor set 
n = {1, —1}^ of Example 13. 11 i.e., we consider the action of Z on given by the shift 
(m • x)n = Xn-m for m G Z and x = {xn)n£Z G r2. Let T{Z) denote the family of 
finite subsets of Z and let V = {Vp : F G J-'(Z)} be the regular basis for the compact 
open sets in as constructed in Example 12.131 Then the corresponding action of Z 
on J-'(Z) is given by translation. It is free on J-'(Z)* := J^(Z) \ {0} and it fixes the 
empty set. Thus, since Z satisfies the strong Baum-Cones conjecture, Corollarv l3.14l 
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shows that for any action a : Z — > Aut{A), we obtain a X A'-equivalence between 
(A xIq Z) © (^©[F]gz\j='(Z)* ^) ® Xa(g)r Z. In particular, we obtain an 

isomorphism 

V[F]GZ\^(Z)* / 

On the summand K^:{A) corresponding to some [F] € Z\J-'(Z)*, the isomorphism is 
induced by the inclusion a i— )• a (8> Ivp & A(^ C{^1) C (g) C(0)) Xq,^t- Z. On the 
summand A Xq,Z it is given by the descent of the Z-equivariant inclusion a i— t- a® 1q 
of A into A (8) C(0). In the special case where A = C we obtain a XX-equivalence 
between C(T) © Co(Z\7-(Z)*) and Co(0) x^ Z. 

We now present examples of actions for which a G-invariant regular basis of the 
compact open sets of cannot exist. Our first example shows that there are indeed 
many Z-actions on the Cantor set, which do not allow a Z-invariant regular basis 
for the compact open sets. 

Example 3.18. For any prime p let Zj, denote the ring of p-adic integers. The un- 
derlying additive group is totally disconnected and compact and, as a space, is 
homeomorphic to the Cantor set. Moreover, Z embeds into Zp as a dense subgroup 
via 77, I— )• n • Ip, where Ip denotes the multiplicative unit of Zp. Consider the trans- 
lation action r of Z on Zp given by Tn{x) = x + nip. This is a minimal action of 
the type as studied by Riedel in [2S]. Let x ■ '^p ^ denote the character given 
by evaluation at Ip. Since Ip generates a dense subgroup of Zp, the character x is 
faithful. The image G := is the Priifer p-group, i.e., the union of all cyclic 

subgroups of T with order a power p"^ of p. Let r denote the translation action of 
Zp = G on T. Then there is a canonical isomorphism 

C(T) x^Zp ^ C(Zp) x^Z 

which can be obtained by representing the crossed products faithfully on L^(Zp x T) 
and L2(ZxZp) via the canonical regular representations, respectively, and then check 
that conjugation with the Plancherel isomorphism ^' : L^(Zp x T) — )■ L^(Zp x Z) = 
L^(Z x Zp) induces the desired isomorphism. Thus we can apply [28\ Theorem 3.6] 
which implies that Kq{Co{'^p) x Z) is isomorphic to the group Z[|] = {-t- : A; G Z, / G 
No} (note that the crossed product in question is also isomorphic to the well known 
Bunce-Deddens algebra). The abelian group Z[^] is not isomorphic to any direct 
sum of copies of Z. But if there were a Z-invariant regular basis V for Zp, Corollary 
13.141 would imply that Ko(Co(Zp) x Z) is isomorphic to a direct sum of copies of Z. 

More examples of the above type can be obtained from the results in [25]. For 
example, the odometer actions described in [2Ul p. 332] give a big class of Z-actions 
on the Cantor set for which a Z-invariant regular basis for the compact open sets 
cannot exist. The following corollary of Theorem 13.121 will be used to give such an 
example with an action of the free group Fn- 

Corollary 3.19. Let G, $7 he as in Theorem \3.1^ (in particular, we assume that Q 
has a G-invariant regular basis). In addition, let G be discrete and K -amenable in 
the sense of [7]. Then Kq{Go{Q) x^-,. G) contains a copy ofZ as a direct summand. 
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Proof. Corollary EH tells us that ®[i]^G\i ^^o{C*iGi)) ^ Ao(Co(0) x^,^ G). Now 
since G is iT-amenable, each of the subgroups Gi is also iT-amenable by [7]. Thus 
KoiC*(Gi)) = Ko{G*{Gi)) contains a copy of Ko{C) ^ Z as a direct summand. □ 

With the help of this corollary, we can now present more examples for which a G- 
invariant regular basis cannot exist. We thank M. R0rdam who drew our attention 
to the existence of such examples. 

Example 3.20. Consider the dynamical system from |24^ § 8.2] with the free group 
F„ acting on the positive part (5F„)_|_ of its Gromov boundary by left translations. 
As observed in [211 § 8.2], the crossed product Co{{d¥n)+) xi^F^ is Morita equivalent 
to On, so Ko{Co{{d¥n)+) XrFn) = Z/(n— 1)Z. Thus we conclude using the previous 
corollary that there cannot exist an F„-invariant regular basis for the compact open 
subsets of {d¥n)+- 

Question 3.21. Is there an intrinsic characterization for the existence of such invari- 
ant regular bases for the compact open subsets in terms of the underlying topological 
dynamical system? 

Remark 3.22. Even if we cannot find a G-invariant regular basis there is always the 
following regularization procedure: 

Let be a totally disconnected, second countable, locally compact G-space and 
consider the G-algebra D = Cq{Q). We can always find a generating family of 
compact open subsets V of such that 

• V U {0} is closed under finite intersections, 

• V is G-invariant. 

One possibility would be V = Uc{^)- More generally, we can start with an arbitrary 
generating family Vq and let V be the smallest family satisfying the two desired 
conditions above and containing Vq- Of course, in general, V will not be independent. 
But we can define D (V) as the universal C*-algebra G*({ey: V € V}|7^) with the 
set of relations TZ given by: 



As explained in |24^ § 2], the family of projections {ey- V (zV} ^ D (V) is inde- 
pendent. And by universal property, there is a canonical surjective homomorphism 
D (V) — > D given by ey ^ ^v- Let Di be the kernel of this surjection. We then 
obtain a short exact sequence — )• Di — )■ D (V) — )• D — > 0, and Di will be {0} if 
and only if the family V we started with was already independent. 
In addition, by universal property of D (V), every g G gives rise to an automor- 
phism of D (V) which is determined by ey Sgv- With this G-action on D (V), the 
canonical homomorphism D (V) — ?• D becomes G-equivariant. Thus if G is exact, 
we obtain from the exact sequence above the following exact sequence of the reduced 
crossed products: 



We could also dualize and obtain with Qi = SpecDi and Q (V) = Spec(Z) (V)) the 
following exact sequence: 




and 




^ Di >ir G ^ D {V) yir G ^ D yir G ^ 0. 



^ Go(fii) ySr-G^ Coin (V)) G ^ Co{n) x,. G ^ 0. 



(3.3) 
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Since {ey- V G V} Q D (V) is independent, this family of projections corresponds 
to a regular basis of $7 (V) , so that our method of computing K-theory applies to 
the crossed product in the middle of (|3.3p . The idea would then be to try to use the 
six term exact sequence in K-theory for (j3.3p to compute K-theory for Cq{Q) x,. G. 
This of course means that we have to compute K-theory for the ideal in ()3.3p first. 
Since Di = Co{0,i) is again of the same form as D = Cq{0,), we could iterate this 
regularization process. However, the question is whether in this iteration, we will 
at some point be able to determine K-theory for the kernel, i.e. for the analogue of 
Di y\r G. 

4. iiT-THEORY OF SEMIGROUP CROSSED PRODUCTS 

In this section we want to apply the results of the previous section to the study of the 
X-theory of certain semigroup crossed products. Throughout this section we assume 
that P C G is a subsemigroup of the group G which contains the unit element e € G. 
By a right ideal of P (resp. a right P-ideal in G), we mean a subset X oi P (resp. 
G) such that XP = X. For an arbitrary subset X G and for g G we write 
g-X = {gx : x € X} C G for the translate of X by g. Moreover, if X Q P and p & P 
we write pX := p- X and p~^X = {y ^ P : py ^ X} = [p~^ ■ X) n P. It is important 
to observe the difference between the set p~^ ■ X (1 G and the set p~'^X C P defined 
above! We recall from |24j the following definition of constructible right ideals in P 
and G: 

Definition 4.1. Let P C G be as above. Then the set of constructible right ideals 
Jp of P is defined as the smallest family of subsets of P which contains the empty 
set as well as P and also pX^p~^X for all X G Jp and p £ P. 
The set of constructible right P-ideals JpcG in G is the smallest left translation 
invariant family of subsets X C G which contains jTp and which is closed under 
taking finite intersections. 

As observed in [231 § 3], J7p is automatically closed under finite intersections. 
If y is a discrete space and X C Y we let Ex : fiY) ^ f{X) C e^{Y) denote 
the orthogonal projection, which is given by multiplication with the characteristic 
function Ix of X. If J C V(Y), we let 

D{J) = C*{{Ex ■.XGJ})C C{i\Y)) (4.1) 

denote the commutative C*-algebra generated by the projections Ex, X ^ J and we 
write f^(^) for the Gelfand dual Spec(L'(^)). Recall from Lemma 12.21 and Lemma 
12.31 that r2(i7) is totally disconnected and that the family V = {Vx '■ ^ £ J}, with 

Vx '■= Ex ({!})> generates the compact open subsets of 0,{J'). Moreover, it is 
clear that the representation M : £°°(y) — > C{£'^{Y)) by multiplication operators 
M{f)C = f restricts to an isomorphism between G*({lx : X € J}) C £°°{Y) and 
D{J). 

If P C G is a subsemigroup of a group G, we put Dp := D{Jp) and Dpcc ■= 
D{J'pcg) where D{Jp) and D{J'pcg) are as in (j4.ip . Similarly, we shall simply 
write Qp and i^pcc for the corresponding totally disconnected spaces 0(c7p) and 
^(i7pcg)i respectively. Recall that the reduced left semigroup C*-algebra G^(P) 
is defined as the sub-C*-algebra of C{i^{P)) which is generated by the isometries 
Vp : £^(P) — )■ i'^{P) given by Vp6q = 6pq, where 6q denotes the Dirac- function at 
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q ^ P. For X C P let Ex denote the orthogonal projection from i'^{P) onto 
i'^(X) C i'^(P) as in the above discussion. Then 

VpExV; = Epx and V^ExVp = E^-ix- 

This shows that C^(-P) contains all projections Ex with X G Jp, the set of con- 
structible right ideals in P. Thus, we see that Dp = C{0,p) is a commutative 
C*-subalgebra of C^P). On the other hand, since the set JpcG of constructible 
right P-ideals in G is closed under left translation with elements of G, the C*- 
algebra DpcG = D{J'pcg) Q i°°{G) is also invariant under the left translation ac- 
tion T : G ^ Aut(£°°(G)). Thus we obtain a well defined action t : G Aut{DpcG) 
given on the generators by 

Tg{Ex) = Eg.x, yx E Jvcg. 

In what follows we want to compare G^{P) with the reduced crossed product 
DpcG >^T,r G = Co(Opcg) >^T,r G. Indeed, we want to consider a more general 
situation in which we start with an action a : G — > Aut(^) of G on a C*-algebra A. 
Then a restricts to an action of P on ^ by automorphisms, and we can form the 
reduced semigroup crossed product A ><ia,r P as follows: 

Assume that A is represented faithfully and nondegenerately on the Hilbert space 
7i. We then obtain a faithful representation op : A — > >C('H (8) (^^(P)) by 

a^(o)(^(g)e^) := a-^(o)^® e^. VC€^,xGP. (4.2) 

The reduced semigroup crossed product A y^^ r P is then defined as 

A x„,^ P := G* {{5^{a){ln (S)Vp):aeA,peP})^ C{n ® f{P)) (4.3) 

(see [25 for more details). 

Let us now recall some results of [24j concerning the question under what conditions 
on P C G we can realize A Xq, -P as a full corner of the reduced crossed product 
(a (g) Dpcg) Xa®r,r G. We start by recalling [JH Lemma 3.6]: 

Lemma 4.2. Let tt : A(E) -DpcG ~^ C{T-L (Ei l'^{G)) he the representation defined by 

7r{a (8) d)(^ (g) ex) = a~^{a)^ (g) dex- 

Then (vr, 1-^ (g) Ag) is a covariant homomorphism of (^A (g DpcGi G, a ig r) on 
7i (g £^(G) which induces a faithful representation of the reduced crossed product 
{A Dpcg) Xa®r,r G on C{H ® ^^(G)). 

Following the notation of [21] we introduce the following 

Notation 4.3. We let A yia,r {P ^ G) denote the (isomorphic) image of (^A (g 
Dpcg) ^ais,T,r G in C{'H (g ^^(G)) under the representation vr x (1^ (g Xq) of the 
above lemma. 

Since P G J'p C Jpcg we have 1a® Ep G M {A® Dpcg) which embeds canonically 
into the multiplier algebra of {A gD Dpcg) Xai»r,r G. Extending the representation 
TT X (1 (g Xg) of Lemma W?2\ to the multiplier algebra maps 1a ® Ep to the projection 
1-^ (g Ep G C{T-L (g £^(G)). We therefore may consider the corner 

{In ® Ep) {A x«,, (P c G)) {In ® Ep) c C{n (g ^^(P)) 

inside A x^^^ {P ^G). 

The following important lemma is the combination of [24^ Lemma 3.8] with [241 
Lemma 3.9]: 
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Lemma 4.4. Let P G be a subsemigroup of the group G. Then for every system 
{A, G, a) we have that (1-^ (g) Ep)(^A yia,r {P ^ (8> Ep) is a full corner of 

A Xa,r (P ^ G) which contains A yia,r P, CLnd the following are equivalent: 

(1) A Xa^r P = (1-H ® Ep)[A yia,r {P ^ G)){l'u ® Ep) for every C*- dynamical 
system {A, G, a), 

(2) GliP) = EpG*{P C G)Ep, where we set G;{P C G) := C ^id,r (-P C G) ^ 

DPCG Xr,r G, 

(3) For allgeG we have EpXgEp G Gl{P), 

and either of these statements implies EpDpccEp ^ Dp- 

We now recall the definition of the Toeplitz condition from [23] : 

Definition 4.5 (cf. [241 Lemma 3.9 and Definition 4.1]). Let P C G be a subsemi- 
group of the group G. We say that 

(1) P C G satisfies the Toeplitz condition if for all € G with EpXgEp ^ 0, 
there exist pi,qi in P such that EpXgEp = V*_^Vq-^ ■ ■ ■ V*^Vg^, 

(2) P G satisfies the weak Toeplitz condition if the equivalent conditions (1), 
(2) and (3) of Lemma 14.41 are satisfied, and 

(3) P C G satisfies the K -theoretic Toeplitz condition if for every system {A, G, a) 
the inclusion map i : A Xq,^,. P ^ (1-^ (g) Ep)[A ><ic,,r {P ^ G)){ly, (g) Ep) 
induces an isomorphism of X-theory groups. 

It is clear from condition (3) of Lemma 14.41 that the Toeplitz condition implies the 
weak Toeplitz condition and it is clear from condition (1) of Lemma 14.41 that the 
weak Toeplitz condition implies the X-theoretic Toeplitz condition. The following 
result of [23] turns out to be extremely useful 

Lemma 4.6 (cf [241 Lemma 4.2]). Let P G such that the set Jp of constructible 
right ideals in P is independent in the sense of Definition \2.4\ above and assume that 
P <^ G satisfies the Toeplitz condition. Then the following are true: 

(1) The set cTpcg of constructible right P -ideals in G is independent. 

(2) For all g eG and X e Jp we have g ■ X DP e Jp. 

(3) JpcG = {9-X :geG,X ejp}. 

Since the set JpcG of constructible right P-ideals in G is closed under finite inter- 
sections, it follows that the set of projections {Ex '■ X £ Jpcg} is closed under 
multiplication. Moreover, since DpcG is generated by this set of projections, it fol- 
lows that {Ex : X G Jpcg} \ {0} forms a regular basis for DpcG — Co{Qpcg) if 
and only if JpcG is independent in the sense of Definition 12.41 (which implies that 
{Ex '■ X € Jpcg} \ {0} is independent in the sense of Definition 12. 6p . Thus, if 
this is satisfied, we are precisely in the situation of Theorem 13.121 (which we may 
apply to the totally disconnected space ^2pcG and the regular basis V = {Vx '■ 

X G Jpcg} \ {0} for the compact open sets of ^pcGj with Vx = Ex ({!}) for 
X £ Jpcg ). As a consequence we get 

Theorem 4.7. Let XpcG '■= Jpcg \ {0}j let a : G ^ Aut(A) be an action of 
a countable group G on a separable C*-algebra A and assume that the following 
conditions are satisfied for P C G and A: 

(1) P G satisfies the K -theoretic Toeplitz condition; 

(2) The set JpcG of constructible right P-ideals in G is independent; 
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(3) G satisfies the Baum-Connes conjecture with coefficients in A® Co(2pcg) 
and A ® Dpcc- 
Then there is a canonical isomorphism 

K,{A>^a,rGx) = KM>< a,r P) • (4.4) 

[x]eG\XpcG 

Proof. Conditions (2) and (3) imply that Corollary 13.141 applies to the regular basis 
of projections {Ex '■ X € 2"pcg} and to the commutative C*-algebra Dpcc — 
Co(^pcg) generated by this set. Thus the corollary gives a canonical isomorphism 

K,{A x„,, Gx) = K,{iA(^ Dpcg) ^a(^r,r G) ^ K,{A (P C G)), 

[X]£G\IpcG 

where the second isomorphism follows from Lemma 14.21 Since P G satisfies the 
i^-theoretic Toeplitz condition, we further have 

K,{A ^ K,{{ln®Ep){A x„,, (P C G)){ln®Ep)) ^ K,{A (P C G)), 

where the second isomorphism follows from the fact that l-^^Ep is a full projection 
in M{A -Ao^.r {P ^G)). □ 

Remark 4.8. Using Lemma 14.61 we see that conditions (1) and (2) in Theorem 14.71 
can be replaced by the following (stronger) conditions 

(1') P Q G satisfies the Toeplitz condition, and 

(2') the set jTp of constructible right ideals in P is independent. 

It is often easier to check these conditions rather than conditions (1) and (2) of the 
theorem. 

We should also remark that if Jp<zG is independent and P C G satisfies the Toeplitz 
condition, then (^4 (g) Dpcc) ^a®T,r G = A Xa,r {P ^ G) is Morita equivalent, and 
hence KK -equivalent to A Xq^,. P. Thus if G satisfies the strong Baum-Connes 
conjecture and ii A yt H lies in the bootstrap class for every finite subgroup H 
of G which stabilizes some ideal X G Ipcc or if G satisfies the strong Baum- 
Connes conjecture and has no non-trivial finite subgroups, then we even get a ii' in- 
equivalence 

Ayia,rGx ^KK Ayia,rP- 

[x]eG\Xp<zG 

In case of trivial coefficients j4 = C, we obtain the following 

Corollary 4.9. Assume that P C G satisfies conditions (1), (2) and (3) of Theorem 
\4-7\ for A = C. Then there is a canonical isomorphism 

K4G;iGx)) = K^iCUP)). 

[X]€G\IpcG 

If, moreover, G satisfies the strong Baum-Connes conjecture, this isomorphism is 
induced by a K K -equivalence. 

Remark 4.10. Recall that a semigroup P satisfies the left Ore condition if and only 
if it can be imbedded as a subsemigroup of a group G such that G = P^^P. It 
follows directly from this condition that the inclusion P Q G satisfies the Toeplitz 
condition. Therefore, if the set jTp of constructible right deals in P is independent. 
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the same holds for jTpcG by Lemma l4.6i Thus, if in addition G satisfies the Baum- 
Connes conjecture for suitable coefficients, the results of the previous section will 
apply. 

This was the situation studied in [9] in which we gave a proof of the above corollary 
in this situation together with a large number of interesting applications. The results 
obtained here also allow the study of crossed products by left Ore semigroups by 
automorphic actions. 

Interesting examples of left Ore semigroups are given by semigroups attached to 
Dedekind domains R. Let := R \ {0} be its multiplicative semigroup and let R* 
denote the group of units in R. Consider the semigroups i?^, R^ /R* and R xi R^ 
as studied in detail in [9]. Let Q{R) denote the quotient field of R and let ClQ(^fi:^ 
denote the ideal class group of Q{R). For each 7 € CIq(^ji) we let C Q{R) be a 
representative for 7 (see [3 §8] for a more detailed discussion). 

Theorem 4.11. Let R be a Dedekind domain. Then the following are true: 

(1) For every action a : R^ ^ Aut{A) there is a canonical isomorphism 

K^{A ><a,r R'')= K^A Xa,r R*)- 

(2) For every action a : R^ /R* — t- Aut(A) there is a canonical isomorphism 

K,{A^a,r{R'' IR*))= KM)- 

(3) For every action a : i? x R^ — > Aut(A) there is a canonical isomorphism 

x„,^ (i? X i?^)) ^ K^{Ay^a,r{L,-^R*))- 

All computations necessary for deducing this theorem from Theorem 14.71 have been 
done in [21 §8] . Note that in all cases of the above theorem, the enveloping groups 
are amenable, hence satisfy the strong Baum-Connes conjecture. Thus whenever A 
is type I, the isomorphisms in the above theorem are induced by i^iT-equivalences. 

5. The case of principal constructible ideals and quasi-lattice 

ORDERED groups 

In this section we discuss a situation which is particularly nice for our purposes. 
Assume that P is a subsemigroup of a group G such that all constructible right 
P-ideals in G are principal, i.e. Jpqg = {d ' P- 9 ^ G} U {0}. As observed in 
[24\ § 8.1], it follows that P C G is Toeplitz. Moreover, another consequence is 
that Jp = {pP: p £ P} U {0} so that J'p is clearly independent. Conversely, if 
all constructible ideals of P are principal, i.e. if J^p = {pP: p € P} U {0}, and 
if P C G is Toeplitz, then JpcG = {d ■ P- 9 ^ G} U {0}. This is a consequence 
of \24\ Lemma 4.2]. Therefore, we may apply our general K-theoretic result to 
this situation. Since the stabilizer Gp at P G IpcG is equal to the group P* of 
invertible elements in P, we see that the left hand side of the isomorphism (|4.4p 
equals Xq,,,- P*). 

Recall from (|4.3p the construction of the crossed product A Xq, ,, P. Let la = Sp '■ 
be as in (j4.2p and let Lp* : P* — > ZY(£^(P)) given by Lp*{p) = Vp, 
where WG recctll tlicit for all p ^ P wg liavG \^p€.x — ^pxt 

X £ p. Then (/-Ai'-p*) is 



24 



JOACHIM CUNTZ, SIEGFRIED ECHTERHOFF, AND XIN LI 



covariant for {A,P*,a) and we obtain a corresponding homomorphism la ><i '-p* '■ 
A Xq P* ^ yl yia,r P C B{H ® f{P)). Now if we decompose f{P) into the direct 
sum 0[2.]gp.\p^^(-P*a;), and if we identify £^(P*) with i'^{P*x) via the bijection 
p px, we may check that la xi Lp* decomposes into a multiple of the left regular 
representation of A >ia,r P* on the Hilbert space B{'H <S> i'^(P*)). Thus la x ip* 
factors through a faithful *-homomorphism 

Mx,P* : ^ Xa,r -P* ^ A Xa,r -P- (5.1) 

Theorem 5.1. Suppose that Jpcg = {5 ■ -P- 5 € G} U {0}. Let G act on a C*- 

algebra A by a such that G satisfies the Baum-Connes conjecture for A DpcG 
with respect to the diagonal action and that the group of invertible elements P* in 
P satisfies the Baum-Connes conjecture for A. Then the homomorphism lax^p* ■ 
A Xa,r P* ^ ^ >^a,r P induccs an isomorphism in K -theory 

K^A X„,^ P*)^K^{A >^a,rP)- 

If, moreover, A><\a^rH is in the bootstrap class for every finite subgroup of P* and if 
G satisfies the strong Baum-Connes conjecture, then la^i^p* 0, K K -equivalence. 

Proof. Note first that g ^ g ■ P induces a bijection G/P* = IpcG and hence 
it follows from |2l Theorem 2.6] that G satisfies the Baum-Connes conjecture for 
A ® Co{Ipcg) if and only if P* satisfies the conjecture for A. It follows that the 
conditions of Theorem l4.7l are satisfied and that the left hand side of the isomorphism 
(|4.4|) equals K^:{A yia,r P*)- Hence Theorem 14.71 implies the desired result as soon 
as we have checked that the resulting isomorphism (or i^i^T-equivalence) 

$ : K,{A >la,r P*) ^ K*{A ^a,r P) 

is implemented by the inclusion i^xirP* ■ ^ ^a,r P* ^ A ><ia,r P- 

For this recall that by Lemma l3.16l the isomorphism $ is obtained by the A'i^-class 

[7rp]®[/i]"^ G KKo{A>la,rP*,A>la,rP) with TTp : A>la,rP* ^ (A^Dpco) »a(^T,rG 

given by -Kp{aug) = (a Ep)ug and where : A yia,r P ^ A (P C G) = 
{A ® Dpcc) ^a(^T,r G denotes the realization of A ><ia,r P as the full corner 

{In Ep){A x„,, (P C G)) {In ® Ep) C A x^,, {PQG)^{A0 Dpcc) ^am,r G. 

Consider the diagram 

Ayia,rP* {A(g> Dpcg) >ia»T,TG 

'■AxiQ.^r-P* = nx{ligj\) 

AyiarP > ^Xar(PCG) 

where the isomorphism vr x (1 (g) A) in the right vertical arrow is described in Lemma 
14.21 We need to show that this diagram commutes. Following the definitions we see 
that 

iA>,^,,p*{aug) = 5^{a){l (g) Vg) G B{'H (g) i\P)) 
with notations as in (I4.2D and (14.31). On the other side we have 



TT X {In (g X){7rp{aug)) = TT X {In (8) A)(a (g) Ep)ug) = 7r{a Ep){ln ® Ag). 
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By Lemma [32] we get for ^eU and G f{G): 
■K{a® Ep){lH®\g){i<S>ex) = a(g3.)-i( 




which gives the desired result. 



□ 




As a special case, we can treat quasi-lattice ordered groups. Recall from j26j that 

P C G is called quasi-lattice ordered if the following conditions are satisfied: 



(QLl) for all (7 G G the intersection P f] {g ■ P) is either empty or of the form pP 
for some p (z P. 

Condition (QL2) from j26j is automatically satisfied as was observed in [B]. (QLl) 
implies that Jp<zG = {d ' P- 9 ^ G} U {0}. So we are in the situation that all 
constructible right P-ideals in G are principal. The Toeplitz condition is shown in 
[24:\ §8.1]. Hence, since (QLO) implies P* = {1} we obtain from Theorem 15.11 

Theorem 5.2. Suppose that P C G is quasi-lattice ordered as defined above. Let 
a : G ^ Aut{A) be a G-action on a C*-algebra A such that G satisfies the Baum- 
Connes conjecture for A ®> DpcG with respect to the diagonal action. Then the 
canonical inclusion la ■ A ^ A yi^^r P induces an isomorphism 



If, moreover, G satisfies the strong Baum-Connes conjecture and if G is torsion- free 
or A lies in the bootstrap class, then la is a K K -equivalence. 

Remark 5.3. The easiest example of a quasi-lattice semigroup is the case N C Z 
where N denotes the non-negative integers. If a : Z — )• Aut(A) is an action by 
automorphisms, then the crossed product A x^^r N coincides with the Toeplitz al- 
gebra T = T{A) as constructed by Pimsner and Voiculescu in [27]. Indeed, the 
main work in proving the famous six-term sequence for computing the ii'-theory 
of ^4 xIq, Z as given in |27l Theorem 2.4] is to show that the canonical imbedding 
LA : A ^ Ayia^r^ = 'T{A) induces an isomorphism in /^-theory. The above theorem 
gives a very general version of this important result of Pimsner and Voiculescu. 
We should also point out that for positive cones P in certain quasi-lattice ordered 
groups G (right-angled Artin groups of a special type) and for the trivial coefficient 
^ = C, the result K^{C) ^ A'^(C^(P)) was already obtained in [13 Theorem 3.3 
and Proposition 3.4]. 

We proceed by constructing natural examples of subsemigroups of groups which 
satisfy JpcG = {d ■ P '■ 5 G G} U {0} without being quasi-lattice ordered: 
Let i? be a principal ideal domain and M^{R) := {p G Mn{R) : det(p) 7^ 0}. 

Lemma 5.4. The constructible right ideals of P = {R) are principal. 

Proof. We want to show that Jp = {pP: p G P} U {0}. The only thing which we 
have to prove is that for every p,q £ P, the right ideal q~^pP is also of the form rP 
for some r £ P. 

Let q G P satisfy qq = qq = det{q) ■ l.„ (l.„ is the identity matrix). Then q~^pP = 



{qq)-\qp)P = {dei{q) ■ ln)-\qp)P = (det(g) • l„)-H(gpP) H det(<?) • P). Now 



(QLO) Pnp- 



K^{A)^K^{A^^^rP)- 
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consider the Smith normal form of qp, i.e. find n, v in SLn{R) C P such that uqpv 
is diagonal, uqpv = diag(Q;i, . . . , a„). Thus 

{qpP) n det(g) • P = (n-Miag(ai, . . . , q„)u~^P) n (det(g) • P) 

= ti~^(diag(ai, . . . , a„)P n det((7) • P) 

= u~^diag(lcm(Q;i, det((/)), . . . , lcm(an, det(g)))P. 

Therefore q~^pP can be written as 

{det{q)-ln)-HiqpP)ndet{q)-P) 

= (det(g) • l„)~^n~"'^diag(lcm(ai, det((7)), . . . , \cm{an, det {q)))P 

= n"^diag(det((/)~^ lcm{ai,det{q)), . . . , det(g')~^ lcm(an, det{q)))P. 

Set r := n~^diag(det((/)~^ lcm{ai,det{q)), . . . , det{q)~^ lcm(a„, det((7))), and we ar- 
rive at q~^pP = rP. □ 

Going through the proof, it becomes clear that our argument applies whenever P is 
a subsemigroup of (R) such that 
. SLn{R) c P, 

• for every q in P, the element q € (R) uniquely determined by qq = qq = 
det(g') • In also lies in P, 

• whenever a diagonal matrix diag(ai, . . . ,a„) lies in P, then for every q in 
P, the diagonal matrix 

diag(det(g)~^ lcm{ai,det{q)), . . . , det(Q')~^ lcm(a„, det(Q'))) 

also lies in P. 

The second condition implies that P is left Ore. Thus P C P~^P =: G is Toeplitz. 
As we have shown that all constructible ideals of P are principal, it follows from our 
discussions above that JpcG = {d ' P '■ 5 € G} U {0}. 

In general, for such semigroups, our conditions concerning the Baum-Connes con- 
jecture are very difficult to verify. But at least for n = 2 we get: 

Theorem 5.5. Suppose that R is a principal ideal domain with field of fractions 
K and let P C M2 (R) be a subsemigroup satisfying the above conditions. Let 
G = P~^P C GL2{K). Then for every action a : G ^ Aut(A) the inclusion 
i^AyicrP* : ^ Xa,r -P* — > ^ ^a,r P induccs an isomorphism 

K^A y^a,r P*) = K^A Xa,r P)- 

Moreover, if A Xq, P satisfies the UCT for every finite subgroup F of P* (which is 
true if A is type I), then iAyia.rP* induces a KK -equivalence. 

Proof. Since G is a countable subgroup of GL(2, K) it is a-T-menable by [T^l Theo- 
rem 4]. Thus it follows from [TU] that G satisfies the strong Baum-Connes conjecture 
and the proof follows from Theorem 1 5 . 1 1 and Remark 14. 8[ □ 

6. The left and right regular C*-algebra for a semidirect product 

Let 5 be a cancellative semigroup. In this section we are interested not only in 
the left regular C*-algebra G^{S), but also in the right regular C*-algebra G*{S) 
generated by the right regular representation p of 5 on £'^{S). Since C*{S) is obvi- 
ously isomorphic to the left regular C*-algebra of the opposite semigroup, we might 
formulate the corresponding arguments in terms of the left regular representation of 
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the opposite semigroup. However it will be more convenient to work directly with 
the right regular representation. We will be especially interested in comparing the 
iiT-theory for the right and left regular C*-algebras. 

6.1. Ideal independence and Toeplitz condition for the right regular C*- 
algebra of a semidirect product semigroup. Assume that the semigroup S is 
embedded into a group S and let E denote the orthogonal projection of i'^{S) onto 
i'^{S). Denote by p,p the right regular representations of S and S, respectively. We 
say that S C S satisfies the right Toeplitz condition if every operator Ep[t)E^ 
with t ^ S can be written as a finite product of elements of the form p{s), s ^ S 
and their adjoints. Of course, this is just saying that the embedding of the opposite 
semigroups C 3°^ satisfies the ordinary Toeplitz condition. By a constructible 
left ideal in S we mean a left ideal / such that the opposite ideal / is a constructible 
right ideal in 5°^. 

Let now P be a semigroup with unit which acts (on the left) by injective endomor- 
phisms on the group H. We can form the semidirect product S = H yd P. The 
elements oi H yt P are pairs {h,p), h H,p ^ P and the multiplication rule is given 
by {hi,pi){h2,P2) = {hipi{h2),piP2)- Note that xi P is left or right cancellative 
if and only if P is. 

Proposition 6.1.1. The left ideals in S are exactly the subsets of the form H x I 
where I is a left ideal in P. The constructible left ideals in S are exactly those ideals 
H X I where I is a constructible left ideal in P. 

Proof. The subsets of the given form are obviously left ideals. Conversely, assume 
that K is a left ideal in S. Then (x, g) G K implies that (H, q) K and (y, Pq) Q K 
for all y (z H. Thus K is as claimed. 

Moreover, if K = H x I is a left ideal and {h,p) e H x P, then K{h,p) = H x Ip 
and K{h,p)~^ = H x Ip^^. This shows the assertion concerning the constructible 
left ideals. □ 

Corollary 6.1.2. If the constructible left ideals of P form an independent family, 
then the same is true for the constructible left ideals of S. 

Proof. Obvious from Proposition 16. 1 . ll □ 

Assume now that P satisfies the left Ore condition so that P can be embedded into 
a group P for which P = P~^P. 

Moreover then P can be written as In^^^p P, i.e. as the limit of the inductive system 
{Lp)p^P where Lp = P and the map Lp — > Lqp is given by multiplication by q. We 
set H = P^^H = lim „ H with the analogous inductive limit. 

Proposition 6.1.3. The semigroup S has a natural embedding into the group S = 
H X P. 

We denote by p the right regular representation of S on £'^{S) and by p the right 
regular representation of S on l'^{S). As above E denotes the orthogonal projection 
£"^{8) £'^{S). We consider P, P and H, H as subsemigroups of S, S. 

Lemma 6.1.4. Let {g,z) be an element ofS,g(zH,z(zP. Then Ep{{g, z))E = 
Ep{z)Ep{g)E. 
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Proof. Both operators evaluated on an element S,(^a,x) of the standard orthonormal 
basis of £"^{3) give C[ax{h),xz) if ^ is such that ax{h) £ H, xg G P, and give 
otherwise. □ 

Lemma 6.1.5. Let z £ P, h £ H and g = z{h) G H. Assume that 

{x e P : xz e P} = {xeP -.x z{h) € H]. (6.1) 

Then Ep{g)E = Ep{z)* Ep{h)Ep{z)E. 

Proof. Let 5,(^a.x)^ a (z H, x (z P he an element of the standard orthonormal basis in 
£^{S). We have 

j Ep{z)*Ep{h)£,(^a,xz) = i{axz{h),x) if xz € P, 
otherwise. 



Ep{zyEp{h)Ep{z)it^,^,^ = y 
On the other hand 

Ep{g)^(a,x) = Ep{z{h))£,(^a,x) 




if xz{h) e H, 
otherwise. 

□ 



Lemma 6.1.6. Assume that P satisfies the right Toeplitz condition. Then for each 
z G P the operator Ep{z)E is a product of operators of the form p{p) or p{p)* , 
peP. 

Proof. Let /Oq, Po denote the right regular representation of P, P on £'^{P), £'^{P), 
respectively, and let Eq be the orthogonal projection of £'^{P) onto £'^{P). By 
assumption, there are Pi,qi G P such that EqPq{z)Eq is a product of the form 

Po{Pl)Po{qi)* ■ ■ ■ Po{Pn)_Po{qn)* ■ 

The Hilbert space £'^{3) has the following filtration by subspaces 

f{S) = £^{H X P) C L = £^{H X P) C £^{H x P) 

On the subspace L = £'^{H) ®£'^{P), the operator p{z) acts like 1 ® Po{z)- Similarly 
E acts like 1 lE) Eq on L. Thus, Ep{z)E acts like 

1 ® Po{Pl)Po{qi)* ■ ■ ■ Po{Pn)po{qn)* 

and therefore Ep{z)E = p{pi)p{qi)* ■ ■ ■ p{Pn)p{qn)*- □ 

Proposition 6.1.7. Assume that P satisfies the right Toeplitz condition and that 
the following condition is satisfied: 

for every h € H, there exists z P and h G LL such that (6-2) 

h = z{h) and P n Pz'^ = {x G P : x{h) G H}. 

Then 3 3 satisfies the right Toeplitz condition. 

Proof. This follows by combining Lemmas I6■l■4^ I6.1.5t 16.1.61 In fact, let {g, w) be 
an element of 3. Then by Lemma 16.1.41 we have Ep{(g,w))E = Ep{w)Ep{g)E. By 
Lemma l6.1.6t Ep{w)E is a product of operators of the form p{p) or p{p)*, p P. 
Let finally z £ P and h H such that g = z{h) and such that 

{x G P : G P} = {x £ P : X z{h) G H} 

(this is equivalent to P n Pz^^ = {x G P : x{g) G H^)- Then, by Lemma 16.1.51 
Ep{g)E = Ep{z)*Ep{h)Ep{z)E. Moreover, by Lemma [6X61 Ep{z)E and Ep{z)*E 
are also products of the desired form. □ 
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6.2. iT-theory for the right regular C*-algebra of a semidirect product. 

Let us now compute the K-theory of C*{H x P). We apply our general K-theoretic 
result switching from right actions of x P to left actions of {H x P)"p. To do so, we 
need to compute the orbits of the (right) H x P-action on the family of constructible 
left H X P-ideals in H yi P. If x P C x P is right Toeplitz and has independent 
constructible left ideals, then by Lemma 14.61 applied to {H x P)°p, we know that 
every constructible left H x P-ideal in If x P is in the orbit of a constructible left 
ideal of if x P. Thus it suffices to consider constructible left ideals of if x P. They 
are of the form H xX for some constructible left ideal X of P (see Proposition 16. 1.1]) . 
For every such non-empty X, the stabilizer {g G H xi P : (H x X) ■ g = H x X} is 
given by 

S{X) ■.= X'\H) X (xP) 

where X~^{H) = {h £ H : x(h) G if for all x £ X} and xP = {P & P ■ Xp = X}. 
Therefore, combining Corollary [6TT21 Proposition 16 . 1 . 7l and Theorem 14. 7t we obtain 

Corollary 6.2.1. Let a : {H x P)°p Aut(yl) be an action of {H x P)"p on 
a C*-algebra A. Let X be a set of constructible left ideals of H x P such that 
{H X X : X € X} is a complete system, of representatives for the H x P-orbits of 
the family of non-empty constructible left H x P-ideals in H x P. 
Assume that P has independent constructible left ideals, that the action of P on H 



satisfies the condition in Proposition 6.1.7 and that {H x P)°p satisfies the Baum- 



Connes conjecture with coefficients. Then we have a canonical isomorphism 
K^Ax^^riHxPyP) ^ ^ K^iAx^^rSiXyP). 

In particular, we obtain the following K-theoretic formula for the right regular C*- 
algebra C*{P): 

K,{C;{HxP)) - ^ K.{Cl{S{X))). 



6.3. Right and left C*-algebras for semidirect products by N. To deduce the 
right Toeplitz condition for IL x P <Z H x P, we used in Proposition 16 . 1 . 7l condition 
(|6.2|) which says: for every h £ H there exists z £ P and h £ H such that h = z{h) 
and P n Pz~^ = {x e P : x{h) G H}. Note that the set {x e P : x{h) G H} is 
always a left ideal of P. Moreover, we have: 

Lemma 6.3.1. ()6.2p holds if for every h in H , the left ideal {x G P : x{h) G H} is 
principal, i.e. of the form Pp for some p P. 

Proof. If {x G P : x{h) G H} = Pp, then p itself satisfies p{h) G H. Thus there 
exists h £ H such that h = p~^{h), and setting z = p~^, we see that (j6.2p is 
satisfied. □ 

In general, it is not clear which left ideals of P arise as sets of the form {x G P : 
x{h) G H} for some h £ H. So in general, we can only deduce the following 

Corollary 6.3.2. Assume that all non-empty left ideals of P are principal. Then 
for every action of P on some group H , condition ()6.2p holds true. In particular, 
()6.2p holds for every 'H-action. 
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Lemma 6.3.3. Assume that the (additive) semigroup N acts by injective endomor- 
phisms an on the group H . The set of constructible right ideals in H X: N coincides 
with the set of principal ideals. The principal right ideals are exactly the subsets of 
the form han{H) x (n) with h G H/an{H), where (n) = {n + k : k N} denotes the 
principal ideal generated by n m N. 

Proof. The principal right ideals in H xN are of the form (h, n)[H xi N) = han{H) x 
(n). We show that the set of principal ideals is closed under the operation I i-^ 
{g, k)~^I. One easily checks that 



{g,kr\han{H) X (n)) 
{g,k)-\han{H) X (n)) 



otherwise, 



aan-k{H) X {n — k) if g = ak{a), a G H, 
ifg-^h^ak{H), 

depending if A; > n in the first case or k <n in the second one. □ 



Theorem 6.3.4. Let N act by injective endomorphisms on the group H and assume 
that the enveloping group H x'H = H xlj satisfies the Baum-Connes conjecture with 
coefficients. Let C*{H x N) and Cl{H x N) denote the right and left regular C*- 
algebra of L{ x'H, respectively. Then 

(a) K,{C;{Hxn))^K,{Cl{H)). 

(b) K,{Cl{Hxn))^LU{Cl{H)). 

In particular C*{H x N) and C^{H x N) have the same K -theory. 

Proof, (a) is an immediate consequence of the description of the constructible left 
ideals of x N in Proposition 16.1.11 together with the formula for K^: in Corollary 

(b) The set J' of constructible right ideals in if x N is described in Lemma 16.3.31 It 
is obviously independent. Every ideal in J' has full orbit under the action of H x Z 
and the stabilizer group of the ideal x N is H. Thus the assertion follows from 
Theorem 14.71 □ 

It is by no means obvious that C*{H x N) and C'^{H x N) should have the same K- 
theory. In fact, as C*-algebras they look very different from each other. For instance 
in the situation of the following remark (H abelian and H/lp{H) finite) C*{H x N) 
admits non-trivial one-dimensional representations (see [23]) while every non-zero 
quotient of C^{H x N) contains a non-trivial isometry and therefore C^{H x N) 
admits no non-trivial finite-dimensional representations. 

Remark 6.3.5. Consider the special case where H is abelian and N acts via the 
injective endomorphism ip on H. Assume also that H/(p{H) is finite and that 
n„>oV"(^f) = {0}. Then the left regular C*-algebra Cl{H x N) has the alge- 
bra 2t[(/j] studied in [11] as natural quotient. In [11] it was shown that the i^T-theory 
of 2l[<^] is determined by a six term exact sequence of the form 

K,C*{H)^^^K,C*{H) -K,21M (6.3) 
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On the other hand, we know by Theorem that K^{Cl{H x N)) ^ K^{C*{H)). 
It can be shown that the long exact sequence associated with the extension 

^ Kervr ^ C*{H >^ N) ^ 2t[(^] ^ 

is exactly the exact sequence in ()6.3p . 

6.4. Right and left C*-algebras for ax + 6-semigroups of Dedekind rings. 

Recall that a Dedekind ring is a noetherian integrally closed integral domain in 
which every non-zero prime ideal is maximal. The prime example of a Dedekind 
ring is the ring of algebraic integers in a number field. If i? is a Dedekind ring, its 
ax+5-semigroup is, by definition, the semidirect product Ry\R^ where = i?\{0} 
denotes the multiplicative semigroup of the ring and R (by abuse of notation) its 
additive group. 

Proposition 6.4.1. Let R he a Dedekind domain with field of fractions Q. Then 
the inclusion of ax + b-semigroups R xi R^ C Q x satisfies the right Toeplitz 
condition. 

Proof. We apply Proposition 16.1.71 with H = R, P = R^ . Since the inclusion 
R^ Q satisfies the left Toeplitz condition, by commutativity it also satisfies the 
right condition. Moreover, given 7^ /i € Q, choose h = 1 and z = h. These 
elements obviously have the properties required in Proposition 16.1.71 □ 

Theorem 6.4.2. Let R* be the group of units in R and choose for every ideal class 
7 G CIq(^ji^ an ideal of R which represents 7. The K-theory of the right regular 
C*-algehra C*{R x R^) is given by the formula 

K,{C;{R R>^)) ^ K,{Cl{L~' R*)). 

Here we use the notation, familiar from number theory, 

L~^ = {x e Q : xy e R, My G 

for the fractional ideal L~^ in the quotient field Q of R (it satisfies Ij^I^y = R). 

Proof. By Proposition 16.1.1] the constructible left ideals of i? x R^ are in bijection 
with the constructible ideals oi R^ . These ideals are exactly of the form where / 
is a ring ideal in R, see The orbits under the action of the enveloping group of R^ 
are labeled by the elements 7 of the class group Clq^^j^y According to the discussion 
before Corollarv 16 . 2 . 1 1 the stabilizer group for such an element 7 is I^^ x R*. The 
assertion now follows from Corollarv 16.2.11 □ 

In particular, comparing with the result obtained in |^, we see that the left and right 
regular C*-algebras of x i?^ are i^T i^T-equivalent (they both are JTi^'-equivalent to 
0^ Cl{I~^ X i?*)). Again, this is by no means obvious since C*{R x R^ ) and C^(i? x 
R^) are quite different (again the first algebra admits non-trivial one-dimensional 
representations while by [8] the second one admits a largest ideal (which contains 
any other non-trivial ideal) with a simple quotient (the ring C*-algebra of |10])). 
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6.5. Wreath products. We here discuss another important class of specific semidi- 
rect products, so-cahed wreath products. For this we take a left Ore semigroup P, 
a group r with unit e and form 

r^ = 0r = {/:P^r : /(x) = e for almost ah x £ P}. 

x€P 

P acts on by shifting from the left, i.e. p{f){x) = e if x ^ pP and p{f){x) = 
f{p~^x) if X G pP. Let r ; P = XI P be the semidirect product attached to this 
action of P on F^. The semigroup F ^ P is in a canonical way a subsemigroup of 
TIP (with P = P-^P). 

We first consider the left regular representation. Let J7p, Jtip be the families of 
constructible right ideals in P, F ^ P, respectively. Then we have 

Lemma 6.5.1. Jv^p = {(/ • (F^)) x X : / G F^,X G Jp). 

Proof. It is clear that the right hand side contains 0, F^P and that it is closed under 
left multiplication. Moreover, given f e T^, X e Jp and {h,p) G F ; P, either 
{h,p)-^{{f ■ (F^)) X X) is empty or there is / G F^ with hp{f) G / • (F^). Li the 
latter case, it is immediate that 

{Kp)-\{f ■ (F^)) X X) = if ■ {tC)) X P-'X. 

□ 

Corollary 6.5.2. If Jp is independent, then Jyip is independent. 
Proof. Assume that we have 

n 

(/•(F^))xx = U(/i-(r^O)xx, 

i=l 

for some /, /i, fn in F^ and X, Xi, X„ in Jp. Projecting down onto the 
P-coordinate, we see that X = [j^^iXi. Hence by independence of Jp, we must 
have X = Xi for some i. Therefore, F^ = F^'. But because / • (F^) and fi ■ (F^) 
are either equal or disjoint, we deduce that (/ • (F;^)) x X = {fi ■ (F^»)) x Xi. □ 

We now turn to the right regular representation. In the particular situation of the 
action of P on F^, we can say a bit more about condition ()6.2p in Proposition 
16.1.71 Namely, take / G F^ with support {xi,...,x„}, i.e. f{x) = e whenever 
X G P \ {xi, . . . , Xn} and /(xj) 7^ e for all 1 < i < n. Then 

n 

{peP:p{f)eT^} = Pnf]Pxr\ 

1=1 

Therefore, the ideals which arise as sets of the form {p G P : p{f) G F^} are 
precisely the constructible left ideals of P if P C P is assumed to be right Toeplitz 
(see [2A\ Lemma 4.2]). So by Lemma 16.3. II and Proposition 16.1.71 we deduce 

Corollary 6.5.3. If P Q P is right Toeplitz and all the constructible left ideals of 
P are principal, then T I P C T I P is right Toeplitz. 
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As a particular example, take F = Z/2Z and P = N. Then the enveloping group 
of r ? P is the classical lamplighter group (Z/2Z) I TL. To compute K-theory, we can 
simply apply Theorem 16.3.41 and we obtain 

oo 

K,(C^((Z/2Z) I N)) ^ K,((g) C*(Z/2Z)) ^ i^,(C;((Z/2Z) I N)). 
7. Appendix: A remark on equivariant K-theory for finite 

DIMENSIONAL COMMUTATIVE C*-ALGEBRAS 

Suppose that C and B are finite dimensional commutative C*-algebras, i.e., there 
exist positive integers n and m such that C = C" and B = C"^ and we may choose 
bases of pairwise orthogonal projections {ci, . . . , c„} and {bi, . . . , bm} of C and B. 
Recall that by the UCT-theorem we have isomorphisms 

KK{C,B) ^ Hom(A'o(C),/^o(-B)) = M{m x 

where the first one is given by sending a class x € KK{C, B) to the associated 
homomorphism [-J^cx : Kq[C) — ?• Kq{B) and the second one is given by describing 
this map with respect to the canonical generators {[ci], . . . , [cn]} and {[bi], . . . , [6m]} 
of Kq{C) and Kq{B), respectively, i.e., the matrix T = {'^ij) corresponding to x is 
determined by 

m 

[cj](^cx = ^lij[bi] 

i=l 

for all 1 < j < n. 

Let us describe how we may construct for a given matrix T G M(m x n, Z) the 
corresponding class xr € KK{C, B). For this we first decompose F as the difference 
F = F"*" — F~ where F+ is the matrix built out of F by replacing all negative entries 
by and F~ := F+ — F. We then construct a graded Kasparov module £ = £^ ®£~ 
with 

n / m \ n / m \ 

^+ = 0(C^5®i?.) and f- = 0(C^^0i?,) 
'j=i \i=i J j=i \i=i J 

equipped with the canonical i?-valued inner products, where Bi = Cbi C B denotes 
the ideal generated by 6j. For each 1 < j < n let € K,{£^) denote the orthogonal 

projection on the jth summand (g) Bi) of £^ , and, similarly, we let p~ G 

IC{£~) denote the orthogonal projection onto the jth summand ©^^^ (C'^^^ (Si Bi) of 
£~ . We then define a homomorphism 

n n 

j=i i=i 

and, in a similar way, we define the homomorphism ip~ : C JC{£~). Then one 
easily checks that 

xr = e^~,(/?+ 99^,0)] € KK{C,B) 
is the class corresponding to F € M{m x n,Z). 

Suppose now that G is a locally compact group which acts on C and B via permu- 
tations of the bases {ci, . . . , c„} and . . . , respectively. Let fic '■ G ^ Sn 
and '■ G ^ Sm denote the corresponding homomorphisms into the permutation 
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groups Sn and Sm, respectively. We shall often simply write g ■ j (resp. g ■ i) for 
Hc{g){j) (resp. iJ,Big){i))- We note that these actions will always factor through 
actions of some finite quotient G/N of G, so that in the following discussion one 
could assume as well that G is finite. 

For X € KK'^{G,B), the corresponding element in ]iom.{KQ{G), Kq{B)) is equi- 
variant with respect to the actions of G on Kq{G) and Kq{B) induced by the 
given actions on C and B, respectively. This implies that the corresponding matrix 
r G M{m X n, Z) satisfies the relation T o ficid) = f^sig) ° T for all g ^ G. This 
easily translates to the condition Jg-i^g-j = 'Jij for each entry 7jj of T. It therefore 
follows that the same relations hold for and F~ and we may define an action 
fi£ -.G^ Aut(^+/") by 




Let us check that (p = {ip^,ip~) : C IC{£^ ® S~) is G-equivariant. For this 
let Q be a fixed basis element of G. We want to compare ip~^{fic{g){ci)) with 
/j,£{g)ip'^ {ci)fj,£{g~^) and we do this by computing what both operators do to the 

(i, j)-th summand C''^ (8) Bi of 6'^ . First of all, the projection ip'^{^c{9){ci)) = p^.i 
fixes the element Vij ®bi \i j = g ■ I and sends it to if j / 5 • In order to compute 
f^£{9)^~^ {Q)t^£{9~^){i'ij (El bi) we first observe that fJ-sig"^) moves Vij (g) bi to the 
element Vij (8) bg-i.i at the {g~^ ■ i,g~^ ■ j)-th place. Then f'^{ci) = will fix this 
element if I = g~^ • j (i.e. j = g ■ I) and will send it to else. Finally ^J^sig) will 
move Vij (8) bg-i.i to the element Vij bi at the (i, j)-th place \i j = g ■ I. This shows 
the desired result. The same computation yields equivariance of 99". 

Remark 7.1. We could have constructed the same element by any other decom- 
position F = F"*" — F~ as long as both matrices F^,F~ only have positive inte- 
ger entries and satisfy the relations l~^.ig.j = itj ■ '^a.ci, if we do the con- 
struction with the help of such an alternative decomposition to obtain a class 
xy = [{£^ © <?~,(^"'" © (^~,0)], then the difference xy — xy is represented by the 
Kasparov triple [(J"+ © J"", V'"^ © V'", 0)] with 

JC-+ = ^+ e£:-, = ^- 0£'+ and = (^+ © 99", -0" = © V?"^- 

Using the equation F"*" -|- F~ = F~ -|- F"*", one checks that 

n / m \ 

J-+ = 7- = (C^5+^'^ (8 Bi) and V+ = ^-, 
j=i \i=i J 

which implies that the triple {F'^ © T~,ip~^ © tp~,0) is operator liomotopic to the 
degenerate triple (7"+ © © (? 0)) via t i-^- t ( 5 J ). 

We shall need 

Lemma 7.2. Suppose that G = C", = C'",A = are equipped with actions of 
the locally compact group G given by homomorphisms ■ G — )■ Sn, fJ-B ■ G — > Sm, 
and fiA '■ G —?■ Sk- Let F G M{m x n, Z) and A € M [n x /c, Z) such that 

^ ° fj-cig) = fJ-Big) °T and A o fi^ig) = fJ-Aig) ° 
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for all g €z G. Then KK^{C, A). In particular, if m = n and 

r e GL(n, Z), then G KK'^{C,B) is invertible with inverse given by the class 
G KK^{B,C). 

Proof. Let {£'^'S)£~ , 99+ ©(^~, 0) and {T^ , ip~^ (Bip' , 0) denote the corresponding 
Kasparov triples as constructed above from T and A. Then the product xr 03 x\ 
is represented by the triple {Q~^ © /i"*" © 0) with 

g+ = {£+ 0bJ^^)®{£~ (^bJ^') and G' = {£^ ®b J^') ® {£' J^^) 

and with yLi"'' = (y}+(g)ljr+)©(93~©ljr-) and ;U~ = (99"''(g)ljr-)©((^~(g)ljr+). Of course, 

these modules decompose into summands of the form (C''''^ 'SiBij (8)b (C'*'''-^ , 
where Ai = Cai for a; an element in a given basis {ai, . . . , afc} of pairwise orthogonal 
projections of A, and we now compute these summands: Since bf = bi, the balanced 

tensor product (C'^':' Bi^ 0b (C'^i^'' (g) Ai^ is generated by elementary tensors 
{vij ® © (wir © Ur) modulo the relation 

(Vij © bi) © {Wir © Or) = {Vij © bi) © ^p'^^~ {bi){wir © ai) 

which forces the element to be zero if r 7^ i, and which is always satisfied if r = i. 
Thus we see that 



© Bi) 0B {C^^'~ © ^0 = ~ ® ' = 



if i 7^ r 



Moreover, the projections /x^/ (q) will fix these spaces if and only if t = j and will 
send them to otherwise. Summing up over i and using Remark 17.11 then shows 
that [{g+ © © //",0)] equals x%-p. 

□ 
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